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TO: THE TEACHER 

FROri: A. DEAN HENDRiCKSON 

Attaciied f s something you can reprmlace and send home to parents 
to encourage them to support what you are doing in the classroom. 



r»THEmTiCS m the mm 

A. Den HeidrlelaeB^ llBtversltstr ftiBBeMts-Dslotb 



rtitfceittcs aatf tlw ■•• «r Mtteontfleal tMRkiag f9 amb mm tktt vtat tas 
tata trtAtitMl acM •rilkMflt. Tte trlUiMtac tf vtole Mmfetrs. fnctieas 
•Hi MmIs MMtfititn m mn tta« 1 0- 1 SH if tie MtfteoMtf cs ve ne 
tte«i|feNt Mr llvm. ftacfe tf Ike Mtteaitica] mmvAm #e «» cat ke 
iivitopci «xpertMK8< ait af aeM, yatti saiarlf fa tfee toa». Saaa af tkese 
aanestfiaaa nag saaa raawte f ran tha arittaetia im raaMilar, bat tte9 will 
lavalva aMMraa fa tha TillW[IH6 easaatlal ta Mb the learalai aatf ase af 
■atlMBMtica ia avaryiaf If fo. 

Pfa^ffatha^wtlaal Thtafciaa* 

Befira a cMM caa aatfarataai acfaaal aatlasatjca^ cartaia va«9 af tMafciaf aatf 
akills aiast ba a¥ai1ab1a far aaa. Tteaa ara caatiaataali asad tfcraa«baat learaiaf 
af antteaatfca. bat partiaalarli elaaa^ri sahaal BMtteaatica. Ttesa faclatfa: 
caaatf ai « caatpariaf. arierf ag^ aaf af ^taras« aaf ag graapai aatarfal, atfag 
laagaafa aai establfsblag ralatfaaa tad ralatiaasbips. Keeftd axperfaaca vftb 
tlMsa eaa ba abtaiaatf maad tHa baaw. Baftra deaerf biaf tbf afs ta with 
aMMraa at baaw la half tbaa vltk tbaf r aebaal Mtbanatf ea, bera ara same 
'ia14oa ralaa' basai apaa nessareh ii^ ex^riem vftb iMraf af cbfldrea. 

1 . Yaa fliaat aat fbree ebf Mraa ataca tbfa tea aafatf aHects^ 
aacb aa taraiag tbaai avag fraa Maf tbf aft ar freai «aa. A 
cbfU laaraa vbea rt^9, carf aas« aad aeaiiaf ta sake saase 
afaaflwtbfBf. Tbisfaasiasyaiea fir tfrfll aa Baawrlzjag 
sa-calletf "baaf c iKts.' 

2. GIva ebiMraa ptsitfva tbiafs ta 4a vhea tiaia Is avaf fable, 
eapecfallf tbasa tbfafa ttef caa ia tad eajaf iaim- Daa't ask 
fir tbf afs be^ad tbe cbitd's capaeft« ta da. 

3. 6f va lata af praisa aad aacaarafieaMBt. If vbat the ehild ita 
ar aafps daasat seen ta Mke aaasa ta pQ« daat critf ciza or 
earreet. Aak ^aestfaaa tkat Mffkt \mi tha ehfid ta caaafter 
it fa a differeat vaf. 

4. Daat leak fir dtf-te-dai p rafreas ar chaafa ar fir f BMaedifie 
raaalta. Jast as %#ftb Mag athir tbf afs, saeh as valfciag 

ar talfciaf, a child aag seaa ta ba mkf af aa headvaf aid thaa 
aaddealg^ it's all there. Childrea di^lap ia aparts aad 
aaav9Bl«. aad have laag plateaas vbare aatbt ag seeaM ta be 
bappaaiag. That's aeraMi aad accept It. There Is prabahlg 
a lat gaiag aa belaw tha sarfMs. 

5. Daat caapare gesrs vlth ether childrea. Evergeae Is differeat - 
thaak feedaassi 

6. i^aa't varrg If e partlcalar skill, sack as asi^ la^aige, is 
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ctAitq tl0B« mn s1«v1i ttas ita'd like or ttea ferotter Jobn's 
did. Stattov awst if ttea stea qaite • Itt alike tte tiae 
thevarc 12ar 

Wards: 

A aaater af vards caaaaalg atad is Bwtkeaatica nwA ralat^ la leteMfif 
Mtteaatica abaald «sad aftaa aotside af aclaal as veil. Saaa exaaplaa are 

4MNBi^aanr, # hft, amtip iWnv, its9 /Am^ /Mf§f', jNMfi, aspwfr, MMfa^, 
0fi^r9H, Mtiiif, 9mm, mi, Mi, rk^, s§m^^, MiM0, frmi, 

iB additias te verds assaciatad vit6 caa^tiiaf^ graapiaf aad space, the Bvafter 
vards are iapartaat. CMIdrea aest kaav tbe easBtiaf vards, bat evea aare ttee 
ttet, tbe« east see tba patters is tte ma of eeoBtiBi vards. Tba cardial vards 
Ilka HfH, jmum^^ iMrt, at. are alsa f apartaat. Ilsa of tbaae vards araaoi baae 
balps eMtdrcB la ceaat abjacts carraet1« aad to ideatfff positioa of tbi^ ia 
ordered arroBtaBaats. 

fteve cbf Idreo ceapare tbiop as ta size, lOBftb, arc aad velaae vba^ver 
passible. "Wbieb ^lass bas aare?' *Wbicb box balds Bare?" "vfcich af ttese is 
beavier? beaviest?' 'Pat tbcM sticks ia order of laagtb." "Ar reap tbe 
ailvarvars aa the laafast is fartbest f rea tbe plete aad tia sbarteat is eearest 
tba plate." Qaastiaas like tbese sboald be fra^aaat. TbCf sbeald iavelve differeat 
kf Bte af tbiafs bMb iadaars aad aatdaers. Ceabiae tbese vitb qnstioas tbat mice 
tbe cbildrea estiaata aaasareasBto of distaace aad beifbt swb as "Wbicb da qbb 
IMafc is as Mf b os tbe sbed, A or B?" 

CoapariBf af faaatitf leads to better aaferstaadiRi of aaaber aad aaaiber 
relatiaasbips. "Are tbere aare cbairs or leaps ia tbis reaa?" "Are ttere aare 
eaps er teespaaas aa tba table?' "Have ve fa aara rad rmfi er f reea raafi aa oar 
street?" 'Pat eaoafb table kalves oa tbe table so tbat tbere are as aaai kaives 
as farks.' "Da 9aa bave aare bofs or firls ia par class?" These cbb be asked 
vbea eat valfciaf , ridiaf ia tbe car, vatcbiaf TV ar sittiaf ia tbe beet. Ask 
cbildrea ta da thiafa that vill aaka aaa f reap es lorfs es eaotber fref oaaAlf All 
saeb activitv helps cbildrea baild aaaber rei^tioas late their deeper 
aaferstaadiags, iastead af as aaaarized aasaciatiaas tbat have aa aoBBl^ - like 
aaaes aal tetes pa oace aeaorlzed to pess e bistorf tastl 

Ordoriag thiafs that caa be coaaled Is iapartaat. Bead striBfiai activities are 
feed fiir paai ehildrea. ^^riai Mae be^ sa tIa third bead is rei ead tbe 
fearth bead Is hiaa." 'tWok a strloQ sa everf otter oae is frees," etc. 

OrderiBf tblBfs tbat have leaftbs, areas sad valaaas exteads caapariaf bepad 
tve tbiap. Have cMldrea place three sticks af diffsreat leoftbs ia order froa 
shortest to l oapat ; piBce three pieces of popr af differeat areas iato orders; 
place three dlffiereBt sized cobs of jors late order. Gradaallf ezlead tbe aaaber 

of tbiap to acre thoB three far tbese octivities. 
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Ask frc^Mflt ^wstltn atoit Ike tNeriai of evosts ts to vMcb tappess firsts 
sec8^...l8st« etc. CosBict ttese vltii ttoe est! aetiois^ *Hov mai nifitttes tfs 
«»8 tbiflk tMs toppeiitd? Htv mmn ins?" etc. 

CswBttiw: 

Cif lira steaM keeii oxtraMig tteir Mflwiizei st^wm 0f wsatiBi vords. TMs 
Is iaptrtait. Bst teisf able Is s«« tbe verds la nfbt srter dees tet neafi tte« 
caa caaat l^m^ Tte« atef aacb praetfee at tMs. Hive ttea coaat SYergtliisi 
araaad tte tease tbat is caaatsMt - tte ebairs. tables^ legs 9B cbairs; tbe tiles 
ea tbe flaar« ia tbe cailiai; tbe aaiAer af viniavs ia a reaai; tbe sllvarvare la 
tk« iraver; tbe caas oa tbe sbeU; tbe pieces ef \#ee< ia tbe veaipile; tbe 
taleptoae peles f^af by^ etc. Tbe awra tbeg caaat, tbe better able tbei are te 
caaat. Wbea tbcf ere prettf feed at ceaatiaf fbr%far4« bave tbcai tfa sem 
caaBtf B9 back. Far exeai^e, start vftb 20 cletbespias. Om at at tine pat eae 
late e caa aad caaat alead tbase tbat are left es eacb eae is refiwr^ fraai tbe pile. 



Have cbiMrea }»k fer patteras - ia ti® ear^t« ia the ceiliai, la wallpaper, in 
tbe drapes, ea tbi> bedspreais. Patteras ef sbepe, er celer, er seaad ere all 
inpertaat. Beads caa be straaf ia patteras. Cellectieas ef bettle caps, sM keys, 
batteas, scre%ra, aats aad belts, aad similar 'jask' caa be pat lirta patteras. Ask 
cbildreo vbat vaald ccbk aext ia e patter a, er vbet vaald 9a vbere aaaetbiBf is 
arissiag ia a patters. 

Help fear cbild leara aaaiber size bf bevtat biai see tbe saoM aaaber, si»b as 
five, ia Baa9 diffiBreal arreaveoeats aad Mterfals. Flafiaf cards caa be serted 
iato tbese all baviai tbe seae aaaiber. Mixed 9reaps ef set, fiv* anrbles, tbree 
battels, tbree fca«s, six speaas, caa be and. 'Fiad m tbe aatertol tbere are five 
ef," ete. Pat ssbm aanlar, savea ter emaipie, af beeds er anrbles late tbrM or 
tear diftereat sbsped ^ass jars, *FlBd a jar vitb sevea ia It." "Fiad aaetter." 
Pat tbe saan aairter af eae fciad ef tbiaf ia eae Jar aad eaetber kiad ia e secead 
jar, ete., aad de tbe saae kiad ef tMBf. lavalve tbe cbild vitb aanbers ia es 
BMaf tfiftereat va«s, vi t^ as anai diftereat ki ads ef aaterial , aad as aaav 
dfftereat sizes as p^^bte. 6radaa1l9 iacreaw tbe aanber size es tte cbild seean 
cble te eesil9 teadle sanlter aaaiters. 

Canparlai fraaps vitb aaaiter prepertf; c«BblBiB9 sacb sreaps; separatlsQ 
laner f reaps late sanller «reaps ef a mf^m size er late efael size f reaps - ell 
ef tbese ectivfties telp ebildrea te aaderstead vteo racb §f tte tear aritbantic 
eperetteM ere ased. 

Saae exeaiples ef tbiafs te de la tte teoe ef tbis kiad are: 

1 . CoBipare fve diftereat sized fraaps la several va^s. "Hev anag irare 
ere ttere la tbis freap ttea ia tbat froap?" "Tbis 9rsap bas bsv 
flMB9 fever ttea ttet greap?" "Hev anav tiaies es Bna9 s e ttere tere 
as ttere?" Tbese kiads sf 9Kstleas ased vitb 9roaps of all kites 
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•f thififs - feBivw, fiirki« ektirs, eteir lefi «sd ttMfi Icp, buttots. 
mrfelM* pfMSs etc., Mp tte cMM vltb vtat tte sctetl 

2. Jtia teietter smnl qmps tf tte stae size tale a lar^r f reap. 
Rm of peaaies caa arrai^M ieto aa array lifca Ibis aai ca:i tbaa 
ba loaM at a dlffuraat vay te saa S f rasps af 6 paaaies: aaaaaa 




totb laad ta a tatat of 30 ia tte arran. Da tMs la a iw at a tiaw, 
teviBf tte cMM tall pa tev aaim ara ttera all tetter racb tine. 
Sa^rate aad tate apart aach arrap rav bf rev aad sae vtat ia laft 
eacli tina. Da tbia vltb tfifforaat Uadt ^ tMafs, difleraat size 
revs eai tflffereat total aaaitera af tMap. aetbes pias, ceraaric 
tiles, beoBs, cera are all fsai Ur tbia. 

3. Jai a tefatter grasps af df ffereat size, s«b as sevaa tbi ags vltb 
fivatbiais. Havettecbildterite vbatis teppaafBi ia vor^. 
iia¥e tte cMM aM ta oM graep af tbfi^ aaaof b ta anke it tte mb» 
size OS aaatter ler«er fraap. Have tte ebild ante eqnl tve aaa^aal 
size greaps vltteat aMiBf aa«tbf ag sore ta tte callactlaa. "Here 
ere e «roap of 1 5 cidtbes pies end oae of 7 elotbes pias. Da sase- 
tbf eg sa |aa bave tve egnl f reaps.* 

4. Give tte ebild lerfe amaaats - ia tte 20's ar 30*s af tbiais to: 

e) Bete several groeps ef e gtwa size from. Seae aaoiters steald 
ante tbese saniler greeps aa ovea aaater ef tiaws aid saeae 
steald have seaw left ttet is aet aao^b to ante aaatter ef 
tte sBMller groap. 

b> mete e eertefa aaaiter ef greaps ttet vill oil beve jast as 
BMBg ia tbea. 

*Pat tboae 30 beeas lata 6 caps, sa eecb cap bas jast as aaag. itov 
BMag are ia eeeb ea?" 

'Pet tbose 4? teaas, six at a tine iato caps. Nov »aag caps did gee 
ese?* "WtetsaoaldedoEe vltb vbet is left e¥er?- -Wteadogoa 
beve soBM left ever?' "Wtea doe t gee hove eagtbi eg left ever?' 

Wtea tea do for valte, bave tte ebildrea caapore, adi tagetter^ ate., tbiags oleag 
ttet;tfi. DettesaiaeiBtteMr,ttesBperBMrtet,iattedr^ere. -Hevanag 
are ttere aa tte top stelf ?" "How oeag re ob tte betton stelf?" 'Hnr anag ore 
ttere ea tte tep oad bettaai stelves tetter?* 

Hove tte cMId do es aaeb edilag, sebtroctiag^ aaltiplgiag end dividiag ef tMs 
fciad - alvegs as related te tblegs - es gea cea. POiT trg to drill gear ebild oa 
'edditiea' facts ar 'aaltiplicetiea' fmts. Let tte cbild learn tten ia dae tine 
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tkrvtfft tte nskml •ctivttits aotf IImm tf9 at 6tTO ts dewriM tore. WliiT 
km nm eMM vrfie M»ter IMafS - Ike scM vill ^ IMs. ^tecspt vertal 
awvirs tBi dBscrtvttoas. Get it tfee iMMt cf askiaf foar cMM vh9 cerUia 
amera are fivaa aad USIEia 

SOHE FIMU. HIIITS: 

1 . Itove eaar ckiMrea aaaat tkf afs as sack as passf Ma. 

2. *ak cMMrea siaple aMItiaa, saktractiaa f aestiaas akaet REM. tkiafls 
in tte sarroaaiiags to 0ve practice la fseatal aritkactic. 

3. Plai card 9am tl»t reaaira natteaatics ar related tki sfs If Sea WAR, 
OLD miD, CRIBBAGE^ RUnMY (rafilar ar 9U}. 

4. Give tkiakiBfl paas f^r kalidaf flfla - COIKEMTRATIOII, HIBKER DU, etc. 

5. M a Little Prafesnr er saaM siallar calcalater-tes^ pre^raai te give 
BiaBtal arltki^c prmtice. 

6. Cteap satkeiNtics ^aaa caa ka kaagkt at Tar^« Waalvartks, ste. 
Saaw exanples are COYER UP, HEADS UP, SCORE rOUR. TUF, AmLO^ etc. 

7. Give ckild a siaple faar faactlaa calcalatar cad let klra er ker fia»i 
araaad vltb It. 

0. Eacaorafe klaek plaq a^ kaildisic^ aaad plaf, laaln^ klrdkaans, etc. 

9. Ke9 vards are GOHPARII®, COOHTilK, PATTERIK, COMBINIIK (graaps), 
SEPARATING (Is^9a 9raaps lata aaaller 9raaps) 

10. Paiat oat satkeMtlca vinrever it is ia tte sarreaBdii^. Ckildrea aest 
realize aiatteiaatics is: 

e. easgtoleara 
k. ii^fal 
c faa 
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LEVEL FOUR 



INTRODUCTiON 

The first three levels of this progrem ere designed to develop basic ideas in 
mathemetics. Many children will have developed homd ideas about addUion, 
subtraction, number, numeration and place value, fraction, multiplication, 
division, equality, computation in base ten, and shapes in two and three 
dimensions by this time. A good number of children become concrete 
operational and hence, capable of reversibility in their thinking, and in the 
use of relational logic by age 8 or 9. others will become concrete 
operational during this year. Hence, maintenance activities fo*^ these basic 
ideas will review for some and help crystallize ideas for others. 

New topics to be introduced at this level include: 

the symbolic representation of fraction operations 

extended use of Guess My Rule to two step operations 

analysis of tables of numbers 

use of attribute blocks to introduce "if-then" reasoning 

multistep problems involving the four arithmetic operations 

working problems with extraneous data 

problems that incorporate ratio 

describing line relationships in geometric shapes 

quantitative descriptions of volume 

Begin the year with a review of "basic facts " Children should have 
immediate recall of all 2 part and 3 part combinations for wholes up to 20, 
i.e., 12 ♦ 8 = 20, 5 ♦ 4 = 9, etc. Use games, relays, mental drills, etc. to have 
children practice recall of these. 

Children should also know the 2 factor combinations factors up to ten, i e , 8 
X 7 = 56; 3 X 4 = 12, etc. Use the materials provided here and create others 
of your own. Oral drill on recall should be put into an interesting context of 
some kind. Take time to show how these are related to each other: 

X 4 is doubled and doubled again 

X 6 is doubled and tripled 

X 8 is doubled three times 

so 3 X 3 is 6 doubled =12 doubled = 24 

The lessons are arranged by topics. Stay with particular topics until 
mastery is achieved by most students before moving on However, do review 
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and n ake every attempt to relate the new topics to previously mastered 
topics. 

Work with calculators and related counung activities should be done for 5 - 
to minutes of a period 2 or 3 times each week. Integrate these with 
lessons being worked on. Some lessons suggest related calculator or 
counting activities. 

Repeat lessons as needed. Repeat or alter examples provided (by using 
different numbers, for example) as desired, host lessons have ONE 
explanatory example. More similar examples may be needed before assigning 
seat work. 

The use of number sentences as mathematical models of verbally described 
or concretely represented situations is important. Children must learn to 
USE mathematics and see how mathematics is used to represent real world 
phenomena. 

Several commercial products are available to supplement the lessons 
provided These include, by topic: 

Calculator 

KEYSTROKES SERIES 

Fractions 

FRACTION BARS WORKBOOKS I & II 
EVERYTHING'S COMING UP FRACTIONS 

Tangrams 

TANGRAMATH 

Geometn j 

6E0BL0CKS AND GEOJACKETS 
GEOBOARD ACTIVITY SHEETS 
DOT PAPER GEOMETRY 

Logic 

ATTRIBUTE GAMES AND PROBLEMS 
ATTRIBUTE ACROBATICS 



LEVEL FOUR 
END OF THE YEAR OLITCOMES EKPECTED 

1. Knowledge of ell Adoition and MultipUcstion combinalicns for 
numbers 1-12. 

2. Ability to Obtain the relationship connecting to variables from 
e table of values 

3. Recognition of equality as a relationship between two quantities 
A. Recognition of inequality as a relationship between two quantities. 

5. Ability to estimate end measure lengths, areas and volumes of 
common shapes. 

6. Ability to use appropriate arithmetic operations in all 14 situations 
leading to addition and subtraction. 

7. Ability to use all four operations with fractions. 

8. Ability to compute in the base ten system, using two digit 
multipliers and two digit divisors in division. 

9. Ability to solve simple open sentences for the missing values. 

10. Ability to recognize and calculate with tenths and hundredths 
in decimal form. 

1 1 Ability to use the calculator to perform computations needed for 
problems. 

12. Ability to recognize signed numbers and to add and subtract signed 
numbers. 

1 3 Ability to use LOGO as appropriate for this age group. 

14 Knowledge of logical, AMD, OR, NOT and use of similarities and 
differences in properties 

15. Use of distributive property of multiplication over addition, 
subtraction and ratio. 

16, Recognition of ratio relationships and equivalence of ratios. 
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LFVEL FOUR ASSESSMENT RECORD 
fiathemaltcian 

LFVEL OF MASTERY 



TOPIC 


Date; 


Date. 


Date; 


Progress 
Made 


Mastery 
Attained 


Progress 
Ma<fe 


Mastery 
Attained 


Prioress 
M«le 


Mastery 
Attained 


Equalltu 




• 










ineQuaiuy 














Use of Operations 












- — ■ ' -- 


addition 














subtraction 














multiplicdtion 














dt vision 














mixed 














Place Value 














Computation in 
Base Ten 














ackHtion 




























multiplic&tion 














nil A% A 1^ 















Computation 

with Fractions 











. 




tthiition 














subtr«:tion 














multiplication 














division 
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LEVEL OF MASTERY 



TOPIC 


Date: 




Date: 


Date: 




Progress 
Macte 


Mastery 
Attal ned 


Progress 
Made 


Mastery 
Attained 


Progress 
Made 


Mastery 
Attaineid 


Geometry 














recogmtion of 














firaiii^srea 














Unding larirroters 















fimlli^ volurt^ 














Using Logic 














of AND 














Use of OR 














Use of IF-THEN 














Ratio 














Signed Numbers 














Identification 














Comparing Value 














AAtttion 














Subtraction 














Calculator USE 














Correct inputting 














Correct readout 














LOGO Command Use 














Forv/ard 














Backward 














Turning R & L 














Integraded use in 

— - — ^ ► 














PrwJucing Slwi|»8 





























GRADE FOUR ASSESSMENT 



1. Draw a ring around the largest nianber in each row . Put an X through 
the smallest. 



Example: 16 



A) 347 

B) 2300 

C) 10100 



294 299 
2003 2030 
11000 10010 



2. Write counting numbers that come before and after each of these numbers, 




A) , 99. 

B) , 1000. 

C) . 420. 



3. The first row. A, shows counting by threes . The other rows show counting by 
other numbers. Fill in the missing numbers in each row. 




A) 14. 17, 20, 23, 26, 29, 32, , _ 

B) 234, 334, 434, , . , 834 

C) 31, 27, 23, . , 11. 
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2 B) 



5 C) 



4. How many HUNDREDS are indicated in the HUNDREDS place in this numeral? 1,382 
A) 



8 D} 



1 



5. Write the correct NUMERAL in each blank, 



Example: Six Tens, Five Ones = 65 



A) Four Tens, Six Ones = 

B) 3 Hundreds + 5 Tens + 2 Ones = 

C) 432 = Hundreds + Tens + 

D) 23 Tens + 4 Ones = 

E) 14 Hundreds. 14 Ones = 

15 



9nes 



-2- 



6. How many HUNDREDS In all are indicated in the followirig number? 4836 



A) 



8 B) 



480 C) 



48 D) 



7. Mark aV[ the right ways of thinking about the numeral 2000. 



A) 
B) 



20 TENS 

2 THOUSATiDS 



C) 
D) 



20 HUNDREDS 
200 TENS 



8. Which of these will be 200 GREATER if each 5 is changed to a 7? 



A) 



5013 B) 



2053 C) 



582 D) 



691 



9. If a digit is moved THREE places to the LER, its value is; 



A) 
B) 



10 Times as great 



Divided by 1000 



C) 
D) 



The same 



1000 times as great 



10. If a digit is moved TWO places to the RIGHT* its value is: 



A) 
B) 



One hundredth as great C) 



One tenth as great 



D) 



The same 



100 times as great 



11. Write correct numerals for these. 

A) (3 X 100) + {5 X 10) +(2x1) 

B) (6 X 10) + {4 X 100) +(1x1) 

12. Coinplete each number sentence. 

A) 5 + 6 = 11, so 11 - = 5 

B) 9 + 7 = 16, so = - 

C) 18 - 6 = 12, so + 



16 



-3- 



13. Draw a ring around the BEST way to find the missing number in each sentence. 




15 



II. 35 •» 15 ^ 

A) 35 
+ 15 



III. 25 - 15 = 
A) 25 



15 



IV. 



B) 35 



15 



B) 25 
- 15 



- 22 = 45 



A) 22 
+ 45 



B) 45 
- 22 



C) 



- 15 



35 



C) 25 



15 



^> C 



- 22 



45 



D) 35 

- 15 



a 



D) 



+ 15 



25 



D) 22 



45 



o 
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.4- 



V. 



+ 34 = 51 



A) 



B) 34 
- 51 



+ 34 



51 



VI. 35 + 
A) 35 



= 50 



B) 50 
+ 35 



50 



VII. 76 - 



= 29 



A) 76 

+ 29 



B) 76 



n 



VIII. 



V 16 = 12 



A) 



12/ 16 



IX. 18 X 
A) 



18 



/ 90 



29 



B) 12 
16/ 



B) 



18/ 90 



C) 51 



34 



C) 50 
- 35 



□ 



C) 29 
- 76 



□ 



C) 15 
X 12 



C) 90 
X 18 



D) 51 
- 34 



n 



D) 50 



35 



D) 76 
- 29 



D) 16 
- 12 



□ 



D) 18 



90 



X. 



16 



/ 48 



A) ^ 

16/ 48 



B) 48 
X 16 



C) 16 X I = 48 D) 16 
I 1 . 12 
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XI. 85 * 
A) 



= 17 



B) 85 
X 17 



17/~~§r 



C) 17 



14. Complete the following sentences. 



Example: If 



□ 



X 4 = 20, then 4 = 20 ^ 



I. 
II. 



I 

If 



X 9 = 63. then 9 = 
8 = 12, then 8 = 



15. In working this example, which is regrouped? 



157 
+ 252 



A) 



C) 



D) 



10 ONES into one TEN 
0 TENTHS into ONE 

10 TENS into one HUNDRED 

11 TENS into one HUNDRED 



D) 17 X [ [ = 85 



16. In working this example, which is the best way to think of the 343? 



343 
- 196 



A) 



3 HUNDREDS + 4 TENS + 3 ONES 



6) [ I 3 HUNDREDS + 3 TENS + 13 ONES 
C) I [ 2 HUNDREDS + 14 TENS + 3 ONES 



D) 



2 HUNDREDS + 13 TENS + 13 ONES 
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17. In working this exanple, what is the product of the two circled places? 



A) □ 



1500 



B) Q 



15 C) 



150 



D) □ 



18. In a division by 9, the greatest remainder permitted is 
A) j I 1 B) I I b C) . i 9 D) 



20 



can't tell 



19. Here is a candy bar 







f " 1 




H fc 


K S 







What fractional part of the bar Is shown here? 



A) 



B) 



_6_ 
8 



C) 









R S 


H E 


V 



20. Which rows of pictures show 
A) 



shaded shapes? 



B) 



0 



D) 



▲ ▲AAA 

D 




21. If you had FOUR pies and wished to share them equally among FIVE persons, 
what fraction represents how much pie each person would receive. 



A) 



B) 
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22. Draw a ring around each way that is another my to write what is given, 
A) 20 divided by 4 



20/ 4 
20 



B) 6 multiplied by 5 



6X5 



20 ~: i 

4 

20 

6 + 5 



4/ 20 



5 

X 6 



23. Choose a pair of fractions shown by each figure 

n _L 
2 , 



I. 




A) [ 
B) 



_2 
4 



1 



II. 




4 . 

A) □ 

B) 



L 

8 



III. 




A) 
B) 



3 


1 


8 . 


2 


3 


1 


6 , 


2 


2 


4 


3 , 


6 


5 


3 


4 . 


2 



24. Write missing parts for these fractions. 



A) JL 



B) 



_ 1 



C) 



2 
2 



4 
4 



10 

D) 3 



0 □ 

D) 



D) 

C) 
D) 



5 
6 



8 
3 



6 



± 
6 



JL -X 

3 , 6 



3 



8 
6 



10 

4 

J_ 
2 



B 



25- Which group of fractions is arranged frm largest to smallest ? 



A) 



5.3,7 



c) -f- 



5,4.5 



B) 
D) 



9.7,5 
2 2 2 



3 I S 9 8 
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26. Complete each nun.ber sentence. 



Example: 4 + 5 = 3 + 6 



A) 7 + 8 = 
8) 17 = 



C) 19 + 6 = 

D) 14 - 3 = 



E) 


4 + 11 = 


F) 


3 


G) 


2 = 




3 



27. Circle each shape with the same area as this shape, 



A) 





' ■ ' ■ ■ n 









































— ^ 









B) 




C) 




D) 
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28. Compute. 

«x 1 



X 4 = 



C) -L 



E) 1 



4 



B) -f . 

D) J L 

"^2 4 



F) 



2_ JL 
3 ' 3 



29- Compute. 

A) $4.39 + $3.39 



B) $5.00 - $2.98 



C) 12 

X 43 



D) 43 
X 24 



E) 



7/ 28 



F) 



5/ 35 



G) 



11/ 35 



H) 



9/ 90 



3C. Compute. 

A) 153 
+ 204 



B) 404 
- 183 



C) 50 
+ 148 



D) 109 + 285 



E) 308 
^ 199 



F) 308-199 



ERIC 



23 



ASSESSMENT PROCEDURES 



Use the tasks suggested to assess the student performance at the beginning 
of the year, midway through the year and at the end of the year Check the 
topics as mastery is attained. 

ASSESSMENT TASKS 

EQUALITY AND iMEQUAKTV 

Show the students an arranged split board 



o a 


a a a 


D D 




D a 


□ Q n 


D a 


□ □ 



"Write a number sentence to show what Is on this board." (4*4 = 3 + 5) 
Change the board as shown: 




"Write a number sentence to show what is on the board now." (9 > 6) 
USING OPERATIONS 

Give students a 34 problem test that has one of each of the fourteen 
situations that give rise to addition and subtraction and the sixteen 
situations that give rise to multiplication and division. Mix these and use 
the recording form provided. 

COhPUTATiON IN BASE TEN 

Give students the attached nine item test. 
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PLACE VALUE 



Show students the numerel 4,327 

1 "Is this closer to four thousand or five thousand?" 

2. "What numeral is in the hundreds place?" 

3 "How many hundreds are in this number?" 

4 "How many tens are in this number?" 

5. "What numeral is in the thousands place?" 

FRACTIONS 

Give students the attached test on fractions. 
GEOMETRV 

A. Show the students posterboard cut-outs of the following shapes: 




5. 6. 

"Write the numerals for all quadrilaterals." (2,3,5,6) 
"Write the numerals for all parallelograms " (2, 3 5) 
"Write the numerals for all closed curves, (1,7) 
"Write the numerals for all squares." (5) 
"Write the numerals for all circles." ( 1 ) 
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B Show the following figures to the students They are to find the number 
to replace "?" in each case. 



Hrea = t2 



Area = ? 




6 

Area = ? 





Uolume - 144 



RATIO 



Show the students a ratio 



3:5 



-? 




Ifoluffie = ? 



"Write two ratios that are equivalent to this ratio 
SIGNED NUMBERS 

Shew the students the following: +5 -3 
"Which of these is greater in value?" (+5) 
'What is the sum of these numbers'?'" (+2) 
"How many numbers apart are these numbers?" (6) 



'Place these on a number line " 
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CALCULATOR USE 



A. Have the students label the keys in sequence to show the given 

operations. 

I i I I M I I I I 

Blank Key Sequence 

Problems: 

41.7 X .04 = 
.52+ 1.6 = 
53.-q- 1.8 = 
17- 1 43 = 

B. "Write a computation for each of the four arithmetic operations that 

would give this calculator readout." 



8.75 t 



LOGO 



Write a s eries o f LOGO commands that would result in this figure: 



ERIC 
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ASSESSMENT (NUMBER SENTENCES) 



Mathematician; 

"I wrote the answer when the problenri was read. Then 1 wrote the 
nunfiber sentence for the problem and circled the answer in the 
number sentence * 



PROBLEM ANSWER NUMBER SENTENCE 



1 






2 






3 






A 
4 






5 






6 






7 






8 






9 
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ASSESSMENT (NUMBER SENTENCES) 



Mathematician-. 

*! wrote the answer when the problem was read. Then I wrote the 
nunnber sentence for the problem and circled the answer in the 
number sentence.' 

PROBLEM ANSWER NUMBER SENTENCE 



10 






1 1 







12 






13 






14 






15 






16 






17 






18 













ASSESSMENT (NUMBER SENTENCES) 



Mathematician: 

"l wrote the answer when the problem was read. Then i wrote the 
number sentence for the problem and circled the answer in the 
number sentence." 



PROBLEM ANSWER NUMBER SENTENCE 



19 






20 






21 






22 






23 


■ 




14 






OCT 






26 






27 
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ASSESSMENT (NUMBER SENTENCES) 



Mathematician. 

"! wrote the answer when the problem was reed. Then I wrote the 
number sentence for the problem and circled the answer in the 
number sentence." 



PROBLEM ANSWER NUMBER SENTENCE 



zo 






29 






30 






31 






32 






33 






34 
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Combine 1 : Tony has 10 red marbles and 12 

blue marbles. How many marbles 
does Tony have? 

Combine 2: Jack has 26 pets. 1 1 are dogs and 

the rest are cats. How many cats 
does Jack have? 



Change 1 : Joni has 9 cassettes of her favorite 

groups. On her birthday she 
received 8 more cassettes. How 
many does she have now? 

Change 2: Joyce has 23 poppies. She sold 18. 

How many poppies does she have 
left to sell? 



Change 3: Before Willie gave him some more 

nails, Fred had 26. Now he has 40. 
How many nails did Willie give 
him? 



Change 4: Connie had 13 extra valentine 

stickers. She gave some to Ruth. 
Now Connie has only 4. How many 
stickers did Ruth get? 

Change 5: Tom had some hazelnuts in a basket. 

Jerry put 19 hazelnuts into the 



basket. Then Tom had 34 hazelnuts. 
How many hazelnuts were in Tom s 
basket at the start? 

Change 6: Gloria had some pennies in her 

purse. She used 8 of these to pay 
for some buttons. She then had 9 
pennies in her purse. How many 
pennies were in Giiria s purse to 
start with? 



Compare 1: Petra has 1 1 baseball cards. Gerta 

has 16 baseball cards. How many 
more cards does Gerta have? 



Compare 2: Tomas has 9 scout badges. Willie 

has 19 scout badges. Tomas has 
how many fewer badges than 

Willie? 



Compare 3: Walter has 8 pencils. Jeannette has 

4 more pencils than Walter. How 
many pencils does Jeannette have? 

Compare 4: Sharon has 12 campaign buttons. 

June has 3 fewer buttons. How 
many buttons does June have? 




Compare 5: Bobbie got 23 correct on his 

spelling test. She got 6 more 
correct than Barbara. How many 
did Barbara have correct? 

Compare 6; Tess did 13 push-ups in physical 

education class. She did 8 fewer 
than Vera. How many push-ups did 
Vera do? 



CHANGE 1 : Freda has 4 boxes with 5 packets 

of seeds in each box. How many 
packets of seeds does Freda 
have? 

CHANGE 2: Johanna had 30 cookies. She 

gave 6 cookies to each person in 
her troop. How many of her 
friends received cookies? 



CHANGE 3: 



COMPARE 1 



COMPARE 2 



COMPARE 3 



Paul had 24 marbles that he put 
into 4 bags. He put the same 
number in each bag. How many 
marbles were in each bag? 

Joellen has 4 pairs of sandals. 
She has 5 times as many pairs of 
stockings. How many pairs of 
stockings does she have? 

Irene has 30 pennies. She has 5 
times as many pennies as Pat. 
Pat has how many pennies? 

Donald has 6 marbles. Francis 
has 18 marbles. Francis has how 
many times as many marbles 
as Donald? 



o 
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COMPARE 4: Bonnie has 15 white blouses and 

4 colored blouses. She has how 
many white blouses for each 
colored blouse? 



COMPARE 5: Her colored blouses were what 

fractional part of her blouses? 



COMPARE 6 



COMPARE 7 



COMPARE 8 



COMPARE 9 



Our class has 16 boys and 12 
girls. There are how many limes 
as many boys as girls? 

Our class has 15 boys and 12 
girls. There are how many 
girls for a group of how many 
boys? 

The girls were what fractional 
part of the class? 

Fred has 25 baseball cards. He 
has 5/4 as many cards as Bill. 
Bill has how many baseball 
cards? 



COMPARE 10: Tom as 25 baseball cards. Tim 

has 4/5 as many baseball cards 
as Tom. Tim has how many 
baseball cards? 



COMPARE 1 1 : 



SELECTION 1: 



SELECTION 2: 



SELECTION 3: 



SELECTION 4: 



Jack had some marbles. Dennis 
had 12 marbles or 2/3 as many 
as Jack. Jack had how many 
marbles? 

Paula has 3 kinds of cheese and 
2 kinds of sausage. How many 
different cheese and sausage 
pizzas can she make? 

Franks makes 18 different 
cheese and sausage pizzas. He 
uses 6 kinds of cheese. How 
many kinds of sausage does he 
have? 

Rita is going to make a soapbox 
derby car. She has 3 sets of 
different size wheels, 4 
different boxes for bodies, 
and 3 different windshields. 
How many different cars with a 
set of wheels, a body and wind- 
shield can she make? 

Bonnie can wear 30 different 
outfits consisting of a skirt, 
blouse and shoes. She has 3 



skirts, and 5 blouses. How many 
pairs of shoes does she have? 

Lisa bought 6 cans of potato 
chips at "2 cans for 59r. How 
much did potato chips cost her? 

Corrine ran 100 meters in 15 
seconds. What was her average 
speed in meters per second? 




ASSESSMENT (Compulation) 
nathemallctan: 



"I compuied the answer for each computation given." 








503 


304 


21| 143 


- 196 


+ 127 


• 




53 + 49 = 


54x9 = 


46 






X 28 


340-21 = 


104- 87 = 


92 + (4 x16) = 
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ASSESSMENT (FRACTION SENTENCES) 



Mathemdtlcian: 



1 completed the following fraction sentences ' 



3/4 * 2/3 = 



4/5 - 2 -3 = 



7/8 



3/4 



6/9 



2/3 



5/8 X 1/2 ~ 



3/4 - 2/3 = 



= 1 1/2x2 1/3 



= 21/2-1 1/2 



8/9 



15/16 



5 1/2 



5 3/6 



ERIC 



10 



LEVEL FOUR 

BAStC FACTS REVIEW 

Background. The-oe acuvities should be used for daily work for 6 or 7 weeks 
and then occasionally for maintenance the rest of the year 

ADDITION FACTS 

1. Add on to the larger of the two by counting mentally: 

Example: 7*5 = 

Seven, eight, nine, ten, eleven, TWELVE 

2. Make a TEN: 

Example: 8*7 = 

1 wo from the SEVEN with EIGHT, makes TEN 
FIVE is left so 8 + 7= 10*5 = 15 

3. Use doubles (these are quickly learned by nnost children) 

Example: 9 + 6 = | 
double 6= 12+13= 15 

4. Random addition table completion: 
Example: 



♦ 


3 


0 


9 


4 


1 


7 


5 


[2 


etc 






5 
























1 
























8 
























2 
























3 
























7 
























4 
























9 
























t 
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Overhead "flash card" pairs. Make overhead numeral cards. 
With the overhead lamp off arrange 2 or 3 of these on the 
overhead. Turn it on and ask for the result 



Examples: 



6 



or 




6. Roll dice with numerals, not dots, on them. Use dice with more than 
four faces - 6, 8, 10, 12, so all numerals 0-9 can be on the faces. These can 
be obtained from commercial sources. 



7. Card games. Examples: KRYPTO, CRIBBA6E, RUMHV 

8. Oral Drills Examples: 
"five plus what is nine?" 
"eight minus what is seven?" 
"sixteen minus what is seven?" 
"sixteen minus nine is what?" 



9. Other games. Examples: TUF, CROSS NUMBER ROLLS 
nULTIPLtCATION FACTb 



1 . Master the 2"s facts first by: 

—doubling activities 
—skip counting by two s 
—using 100 tables 

2. Master the 5/s family 

—all end in 0 (evens) or 5 (odds) 
—skip counting by fives 
—using 100 tables 
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3. Master the lO's family 
— a1] end in zer o 

—all start with counting numbers in sequence 
—relate these to place value activity 

4. Master the 3*s family 

—end in a pattern 3 6 9 

2 5 8 
1 4 7 

—skip count by 3's 

5. Master the 4*s family 

—double the doubles 

Example; 2x3 = 6 so 4x3 = 12 
—skip count by 4's 

6. Master the 6*s family 

—use 5's and add on more of the other 
Example; 6x6 = 5x6 = 30 + 6 = i6 
General activities to develop the multiplication facts include; 
—skip counting 

—randomly arranged digit tables 
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Example: 





4 


Q 


fl 




7 


1 


i 










5 
















































8 
























Z 
























7 
























4 
























e 
























t 
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—card games 

—dice rolls -1 St six sided dice with 0-5 on faces, then 

TEN sides dice with 0-9 on the faces 
—flash pairs numerals on the overtiead to find products 
—oral drills 

Stress the relationship between addition and subtraction "facts" 
between multiplication and division 'facts." 

Examples: 3 + 4= 7so7-3 = 4and7-4=3 

3x4 = 12 so 12 3 = 4 and 12 4 = 3 

Have the children write fact families for a "number for the day." 
Example: 



8 = 


2x4 


8 


2 = 4 


8 


4 = 


2 


8 = 


5 + 3 


8 


-5 = 3 


8 


3 = 


5 


8 = 


4+4 


8 


-4 = 4 


8- 


4 = 


4 


8 = 


7+ 1 


8 


-7=1 


8- 


1 = 


7 



Keep in mind that: 

0 added or subracted leaves a number unchanged 

0 multiplied gives a product of 0 

DIVISION BY 0 IS NOT POSSIBLE! WHV^ 

Consider: 

0x4=0 

0x5 = 0 

0x6 = 0 soO 0 4, 5 or 6 



REVIEW OF "BASIC FACTS" 

Some worksheets are provided for this. Blank Masters are also provided so 
you can prepare other, similar worksheets 

Continue to use skip counting and other counting activities several times 
each week, especially at the beginning of the year. 



45 



LEVEL FOUR 



GUESS MV RULE 

Background: Children should have been introduced to this in LEVEL THREE 
However, this cannot be assumed so it is best to review the rules of the 
game and to give some experience with simple rules. 

The basic idea is that of a function machine that transforms numbers put in 
according to a fixed rule and generates numbers that come out. The result is 
a set of ordered pairs of numbers of the form: 

(IN, OUT) 

I 

IN 



(Rule to 
transforin} 



OUT- 



An example: 



IN 


RULE 


OUT 


2 


♦ 3 


5 


4 


♦ 3 


7 



LESSON ONE: How to Plau the Game: 

CHILDREN ARE TO RAISE HAND AND SAY, "! KNOW THE RULE, " WHEN THEY 
THINK THEY DO. 

1. Children are to input numbers. Call on them one at a time. 

2. For each number, you use e predetermined rule to orally 
give a number back to the class. 

3. Repeat until a child raises his hand to test whether or 
not he/she knows the rule. 



CHILDREN TEST BY SAYING, "IF I GIVE YOU (NUMBER ). WILL YOU 
GIVE ME (NUMBER )?- THEV ARE ML TO BLURT OUT THE RULE! 



4. If you reply, "YES", the child is to keep silent and think of 
a better way to organize the information 

5. If "NO", remind all that they must always get further 
information if they cannot see the rule with what they 
have. 

6. Periodically, ask those who think they have the rule to 
raise their hands. 

7. Continue until; 

a. most have the rule; or 

b. they seem to be at a stalemate 

8. Ask for tables of data and analyze. EXAMPLE: 

DATA AS 6ENERATED 



Ask for si'ggestions as to what to do to make seeing patterns of numbers 
easier. Discuss: Encourage students to look for patterns in the OUT numbers 
after they have put the IN numbers in numerical order. 



IN 



OUT 



2 
5 
I 
3 
10 



6 
9 
5 
7 

M 



o 
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REORGANIZED DATA 



IN 


OUT 




1 


5 


How are the IN numbers 


2 


6 


changing?' 


3 


7 


'How are the OUT numbers 






changing?' 


5 


9 


'How do gou get an OUT number 






for a given IN number?" 


10 


14 


RULE: OUT = IN ♦ 4 



Have the students supply numbers to fill in any missing number pairs in an 
organized table. 

A sequence of rules to use. 

t. Add a given number 

2. Subtract a given number (there is a chance of negative 
numbers coming about here) 

3. Multiply by a given number 

4. Square the IN number 

Graph ell rules found with the IN numbers on the horizontal axis and the OUT 
numbers on the vertical axis Example: 




RULE: OUT = 3 X IN 



IN 
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LESSON TWO: iGuess fl u Rule with Other Than Numbers ) 



Use Guess My Rule with other than numbers. 

1. Attribute Blocks: 

Exannpls: IN OUT 

"Large Red Squares'* "Large Red Triangle" 
"Large Green Circle" "Large Green Square" 

RULE: CHANGE THE SHAPE 

Other rules: 

Change Color 

Change Size 

Change Color and Size 

Change Shape and Size 

Change Color and Shape, etc. 

2. Geoblocks 

Choose 2 ge iblocks that are alike in some way and hold 
these up. 

"What was my rule for choosing these two?" 

This has the added outcome of focusing children's attention upon the 
properties - comers, edges, shape of the faces, volume, etc. 

LESSON THREE: Combining Operations 

Introduction: After students are comfortable finding rules and seem to be 
able to recognize patterns in the OUT numbers, introduce rules that combine 
operations. Example: 
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m 

0 
! 

2 
3 
4 



OUT 

2 
5 
8 
11 
14 



The patterns in OUT numbers is that each differs by 3 from the previous one. 
At this point introduce a "d" (for difference) column: 



IN 


OUT 


d 


0 


2 




1 


5 


3 


2 


8 


3 


3 


11 


3 


4 


14 


3 



The difference is constant. In other words, the OUT number increases by 3 
each time the IN number increases by 1. 

This rule is 3 x IN + 2 = OUT. 

Two things to observe are that the number added is found when !N = 0, and 
the constant number "d" is the multiplier of IN 

Graph these ordered pairs as before: 
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A sequence of rules to use: 



1. Add a given number 

2. Subtract o given number (there is a chance of negative numbers 
coming about here 

3. nultipig by a given number 

4. Square the IN number 

Sraph all rules found with the IN numbers on the horizontal axis and the OUT 
numbers on the verticle axix. Example: 

OUT / 

4- i/ii i n I.I.I 



RULE: OUT = 3 X IN 
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Point out where the line crosses the vertical (OUT) axis, and that the change 
in OUT of 3 for each change of In of 1 is clearly shown on the graph Draw 
these in: 
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Ask the children what else they see aDoul the graph. Play the game with 
several rules of the form a x IN + b = OUT and have the children groph these 

When they are comfortable doing these introduce rules of the fomn a x IN - b 
= OUT. 
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LEVEL FOUR 



THINKING 

Background: Whenever educelo'^s are asked lo list the goals of education for 
virtually any level of instniction, they invariably list Teaching pupils to 
think for themselves", in the leading three, if not first. 8ut what is 
thinking? Several definitions are possible Edward de Bono, a British 
philosopher and developer of thinking curriculum materials, defines it as 
"the deliberate exploration of experience for a purpose." (Teaching Thinkin g. 
Temple Smith, London, 1976.) 

Whatever the stated objectives, the PRACTICE in teaching school subjects is 
the acquisition of info nation. Information is easy to teach and can be 
tested in exams using "objective" items. But obtaining information is no 
substitute for thinking and conversely thinking uses the raw material of 
information. 

However, emphasis on content only ac«?uming thinking skills will develop as 
a by product of knowledge acquisition is not effective Content has its own 
momentum that makes the development of thinking skills difficult to attend 
to. 

Pleas to "think about it" fall on deaf ears when the end-of-the line is a 
content based objective examination that measures the acqjisition of 
isolated facts and unrelated bits of information. The operations of thinking 
must be developed as tools that can be used in any content prcu. 

LESSON ONE: Treating Ideas (PAH ) 

Introduction: Before making an evaluative judgment of an idea, children 
must learn to look at the positives, negatives, and appeal of the idea (PAN 
the idea.) 

This lesson gives practice in using the PAN thinking skills - listing of the 
good things (P), listing of the bad things (N) and listing of the appealing 
features of the idea (A). 

Use this idea to teach the children the process. 

"Cars should be banned from downtown business areas so people can walk 
wherever they want to " 



, Ask the children to help you develop a list of what is good about this idea 
Do not discuss the value of these 

Ask the children what is bad about the idea. List these but do not give value 
to them. 

Ask the children to list everything that is interesting about the idea. Make 
no judgments end permit no judgments about the ultimate value of the 
suggested practice. 

Other ideas to PAN: 

"By law all cars should be painted blaze orange like hunting clothes "* 
"Every pupil should be paid to go to school." 
"Every 4th grader should adopt a 3rd grader to help through school." 
LESSON TWO: Consider All Factors (CAP ) 

introduction: Before making a decision, children should consider all factors 
relateo to that decision (CAP). 

This lesson gives children experience in listing all factors to consider 
relevant to a decision before it is made (CAP). 

"A large midwestem city passed an ordinance requiring ell new buildings to 
be built downtown to have a large garage in the basement for employees 
cars. Three years later they repealed the ordinance. Why?" 



Ask the children to list the factors that may have been overlooked in making 
the first decision. 

Here are additional decisions to have children do CAP on: 

"What must be considered in buying a used car?" 

"What should be considered in designing school desks?" 

"What should be considered before choosing to go along with what your three 
best friends want to do?" 
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LESSON THREE: Makino Rules ( MR) 



Rules have many purposes. 

to prevent confusion - Example: STOP signs 

to allow enjoyment - Example: The rules for playing a game 

to maintain order - Example: Rules of conduct for 

military personnel 

to prevent a few from taking advantage of everyone else 

Example: THOU SHALT mi STEAL 

In general, rules are to make life more plea^>dnt and comfortable for the 
majority. 

Good rules: 

are well known and possible to obey 

are not bad just because they are unpopular 

should work for the benefit of the majority 

have a purpose identified by those expected to obey it 

may need to change with changing conditions 

Ask the class to use PAN to make a list of 5 rules needed for the school. 

Some additional rules problems: 

"A group of people go to Mars to start a colony. They abolish money, 
property rights and all the old rules. They soon find all do not wish to work 
Invent some rules for this colony. (USE PAN AND CAP). 

"flake a set of rules for basketball to be playod by 4 persons with a basket 3 
feet higher" 

LESSON FOUR: Conseou-'nces of Decisions (COD ) 

Introductior: Children must learn to consider the consequences of actions 
taken and deci -^ns made (COD). They need to realize that: 

other people may be able to see the consequences oT your 

decisions and actions better than you can 

one must know if consequences are short term or long term 

one must know if consequences are reversible 



consequences cf one's actions and decisions affect other 

people 

Ask the ch^'dren to list the consequences of the following as short term or 
long tbriri: 

"A law is passed allowing children to obtain drivers licenses at age 12." 
Other situations to do COD on are: 

"A flashlight is invented that nr^akes a person's face green if that person is 
lying- 

Toreign banks acquire ten U S. companies each year for five years ' 
"All exams are abolished in school." 
The world runs out of oil." 

The average temperature on the surface of the earth rises 5 degrees C." 

LESSON ^m. Identif uin q Goals Ob|ectives (160 ) 

introduction: It is important for children to have practice in setting 
objectives and goals and seeing how these interact with each other. The 
issue of short term and long term goals is important. Some general 
characteristics of goals and objectives include: 

they are easier to achieve if clearly known 

in the same situation, different people may have 

different objectives 
successively achieved objectives may help in reaching a 

goal 

goals and objectives must be achievable 

all goals and objectives are not created equal - some are 

more important than others 

Ask the children to try to find what purpose the following might have: 

"You captain a spaceship approaching Mars, having started out from Earth.: 

Other situations to do an IGO on are: 
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"What objectives might the following have with regard to food:" 

homemaker 

restaurant chef 

grocer 

farmer 

U.S. Department of Agriculture 

The coach of a youth athletic team is holding e practice right after the 
team lost a game." 

"The teacher who asks a student to correct each incorrect answer on a test." 
LESSON SIX: Planning Ahead (PA ) 

Introduction: Have the children organized into 4 groups. Give each group the 
objective of making money by sale of objects or a product made from the 
objects provided. They must develop a plan for achieving that objective. 

Remind the children that in planning: 

one must know what you want to achieve 

an alternative, or back up, plan should be ready 

the value of a plan depends on the consequences related 

to carrying out 

plans should be simple and direct 

all factors should be considered BEFORE making a plan 

GROUP ONE: 5 bicycles, 2,000 old books, ten 

gallons of red paint 

GROUP TWO: 5 bicycles, a horse, a printing machine 

GROUP THREE: a horse, a recipe for sausage, ten gallons 

of red paint 

GROUP FOUR: 2,000 old books, a horse, a printing machine 

Some other things to have plans for might include: 

a class carnival 

an expedition to find Noah's Ark 

a screening system to prevent the hijacking of airplanes 



a school track meet 



LESSON SEVEN: Setting of Priorities (SOP ) 

introduction: Sonne things are nriore important than others - objectives, 
factors, consequences. After doing PANs, 

SOPS are done to determine: which things should be dealt with first. 
Children need to consider the importance of things. Sometimes it is easier 
to do this by looking first at the least important. 

Ask the children to do a SOP on the father's actions in the following: 

"Tom's father learns that Tom has token a baseball home from the 
community playground. In dealing with Tom, a fourth grader, what should 
his father's priorities be?" 

Some addUional course of action, etc. to SOP include: 

"Making a TV show interesting." 

"Making a TV show educational." 

"Buying materials to teach science in your grade." 

"Spending your earnings or allowance." 

LESSON EIGHT: Selecting Alternatives ( SA) 

Introduction: Children must learn not to jump to conclusions or select the 
first or most visible choice available. Consideration of alternatives is 
important. This lesson gives experience in that thinking skill. 

The county sheriffs found a smashed bicycle in the ditch and a dead boy five 
feet away. What could have happened?" 

When the alternative explanations are all considered, have the children to a 
PAN to find the most plausible one. 

Some additional situations to SA on: 

"Vou find your best friend has stolen something from a store." 

"June has been getting A's on all of her tests and suddenly starts getting D's 
and F s What explanations are there for this change?" 



o 
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"Fewer U.S. college students are choosing to become career scientists. Why 
t£ this so and what can be done?" 

"Tom's older brother wants to go to college, but his father gets sick and has 
to leave his job. What can Tom's brother do?" 

LESSON NINE: Making Decisions (MP ) 

Some decisions are easy and some are difficult. Some decisions are routine 

- like deciding which clothes to wear, and some are a choice of alternatives 

- like whether to "do drugs" or not. Some decisions are voluntary and some 
are forced upon you. 

Ask the children to make a decision about the following: 

"A policeman working alone sees a moving light in a downtown store. What 
should he do?" 

In discussing possijie courses of action, review the processes for looking at 
pluses end minuses, considering all factors, including consequences, making 
a plan, etc. 

Here are a few more situations requiring decisions to be made: - 

'Fred is asked to play in the band, act in the school play, and to play on the 
school hockey team. They all have practice at 3:30 p.m." 

"Joanne's sister has a choice of 2 of these subjects to fill out her schedule - 
typing, algebra, biology, art and creative writing." 

LESSON TEN: Looking at Another Side (LAA5 ) 

Introduction: Children w^o are concrete operational or becoming concrete 
operational are beginning to recognize points of view other than their own. 
As egocentric pre-operational thinkers, they were incapable of this. 
Considering another point of view could involve CAP, CA, PAN or COD. 

Ask the children to consider the following and ask them first to describe 
what constitutes her point of view, then hiS point of view, then have them 
PAN each point of view: 

"Sally's father forbids her 13 year old sister to smoke. What is his point of 
view and whft is hers?" 
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Use previously developed thinking skills to explore this situation in depth. 

Here are sonne other situations involving differing points of view: 

"A family ifi an all white neighborhood sells their house to a black family. 
Some neighbors circulate a petition against this sale. Some people on the 
block sign it and others don't. What is the point of view of the family 
selling, the family buying, those signing the petition, and those not signing 
the petition?' 

"Jack misbehaves and interrupts the class. He is sent to the principal's 
office. The principal calls the parents and asks them to come to bring him 
home. They come but object to having Jack miss school. What is the point 
of view of the teacher, of Jack, of the principal, of Jack's parents, of Jack's 
classmates?" 

There is an empty lot across from a school that the children use as a 
playground. The city government decides to build a tool shed on the lot The 
children object. What is the point of view of the children, of the city 
officials?" 



CO 



LEVEL FOUR 



E QUALITY 



Background: Children using this program will have had three years of 
emphasis on equality so should realize that this relation is reflexive and 
number sentences can be written many ways, i.e. 5 = 2 + 3, 2 + 3 = 5, 2 + 
3 + 2,2 + 3 = 4* 1,etc. 

Periodically, both equality and inequality should be reviewed. 



LESSON ONE 



Give the children split boards and base ten TENS and ONES Using the 
overhead projector, arrange the following; 









• 


• • 




m 


• • 






• • 


• 


• • 




• • 




• • 



Ask the children to write the 
number sentence 

(10 + 4 = 7 * 7) 



Rfe^rrange as shown: 




10 + 2 + 2 = 4x3 + 2 

10 + 2 + 2= 12 + 2 
12 ♦2 = 4x3 + 2 
12 + 2 = 12 + 2 

are some of the number 
sentences that could be 
generated 
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Trade ten ONES for 8 TEN 





• • 




• 








• 








• 




• 



Some possible number sentences: 

10 + (2x2)= 10 + 4 
10 + 2 + 2 =14 

Use different numbers for similar kinds of equality activites using 
combinations of TENS and ONES on the left side, right side or both sides. 



o 
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LEVEL FOUR 



INEQUALITV 



Background: Children will have had a brief introduction to this symbolism in 
the Level Three work. It should be emphasized at this level. 

Introduction: Prepare 2x2 cards with the inequality sign on them. Children 
are to use split boards and orient the symbol to correctly show the 
relationship. 

On the overhead projector, place an array of base ten TENS and ONES as 
shown: 




Show the children a 
transpar8n:y inequality 
sign and ask hoYf it 
should be pointed. 

Then place tlie symbol. 





• • 


< 


• • 
• 
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Do another. Discuss how the wide part points to the LARGER quantity and 
the "point" to the sntaller. 



Children ere to work in pairs One sets base ten pieces on the split board, 
the other should place the sign correctly. Have the roles exchanged after 
each 5 "problems." 

LESSON TWO 

Have the children write the signs into the worksheet provided 
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Arithmetic Problem Solving at Level Four 



The goals for arithmetic problem solving at this level should be for children 
to: 

1. Be able to apply all fourteen kinds of addition and subtraction 
problems 

2. Be able to apply the siriiplest combine and change multiplication 
and division problems 

3. Be able to do two or three step problems involving these kinds of 
problems. 

Consider these factors when working with children with arithmetic problem 
solving; 

Some students may still need some concrete 
materials to represent the things given orally 
or in written situations 

Students should write number sentences that 
model the conditions of the problem given 

Students should write "story problems" that 
given number sentences would model 

It ts not the size of the numbers that presents 
difficulty to students in problem solving. 
Thinking through the situations to determine 
WHICH operations are needed presents the 
difficulty. Number size only affects 
ease of computations 

Students should be given opportunities to see 
a variety of problem solving being used 

guessing and checking the guess 

drawing pictures 

making diagrams 

making tables or graphs 

estimating 

writing number sentences to model 

Non-numeric problem solving situations should also be presented using 
Pattern Blocks, Tangrams and other right hemisphere related materials 



65 



LEVEL rOUR 

PROBLEM SOLVING: CHECKING UP 

Background: In previous lessons, children will have been introduced to all 
fourteen situations that lead to addition and subtraction (see material in 
the Appendix). 

IntrqdMCtlon: Place a transparency of the problems furnished on the 
overhead projector covered by a cardboard. Children should have answer 
sheets supplied. 

Reveal and read slowly the problems one at a time. Give children plenty of 
time to think through the problems. Have children circle the answer number 
in the number sentence they have written 

Analyze the results to see which kinds of problems are still giving children 
difficulty so these can be reviewed and re-emphasized. 
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LEVEL FOUR 



PROBLEM SOLVING 
LESSON ONE: Mekino Stre 

Background: From the analysis of your administration of the fourteen kinds 
of addition and subtraction problems, select those that proved to be most 
difficult - probably Compare 5 and 6 and Change 3, 5 and 6. 

Write further problems of this kind, using a seasonal theme. Use these for 
instruction. For the COMPARE problems, emphasize "less than", "fewer 
than", and "more than" language. Give many examples, move materials on the 
overhead projector to illustrate these comparisons. Encourage children to 
ask questions like: "Which is larger?" 
"Which is smaller?" 

"What is the difference between them?" 

For the CHANGE problems, encourage the children to think of questions like: 
"What is being added to?" 
"What is being added to something else?" 
"What is being subtracted from?" 
"What is being subtracted from something else?" 
"What is not known?" 
"What does the question ask for?' 

Encourage children to make diagrams to represent the quantities. Number 
sentences to directly model the problem kinds are: 
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Problem 
Comiiiiie I: 
Combine 2: 

Change 1: 

Change 2: 

Change 3: 

Change 4: 

Change 5: 

Change 6: 



Number Sentence 



Converted Sentence 



A + B = 



A ♦ 



= C 



= C - A 



A ♦ B = 



C - A = 



A ♦ 

C - 



= C 
= B 



= C - A 



C ♦ B = 



* B = C 



- B = A 



= C - B 



= A ♦ B 



nany children will nientallg convert to the model theg are most 
comfortable with. If you encourage them to make pictures to 
represent the objects in the problems, they are more likely to 
write correct number sentences ~ either direct models or 
conversions. Most of the COnPARE problems will yield proper 
number sentences this way. 

LESSON TWO: Fmohasis on Modellin g 

Introduction: In this lesson go through the problem types one at a 
time. Use materials - base ten blocks, counters or whatever is 
most appropriate. Make a diagram of each type. Write the number 
sentence, explaining how each numeral and symbol is derived from 
the verbal description. 

A CHAN6E 3 problem is used as an oKample. 

"Betty has 12 star coupons. Here are her coupons.' 
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Problem 



Number sentence Converted Sentence 



Combine I: 
Combine 2: 

Change 1. 

Change 2: 

Change 3: 

Change 4: 

Change 5; 

Change 6: 



A + B = 



A ♦ 
A * 

C - 
A ♦ 

C - 



= C 



= C - A 



B = 
A = 



♦ B = 



= C 
= B 
C 



= C - A 



C ♦ B = 



= C - B 



- B = A 



= A ♦ B 



Meny children will mentally convert to the model they are most comfortable 
with. If you encourage them to make pictures to represent the objects in 
the problems, they are more likely to write correct number sentences - 
either direct models or conversions. Most of the COMPARE problems will 
yield proper number sentences this way. 

LESSON TWO: Emphasis on Modellin g 

Introduction: In this lesson go through the problem types one at a time. Use 
materials - base ten blocks, counters or whaiever is most appropriate. 
Make a diagram of each type. Write the number sentence, explaining how 
each numeral and symbol is derived from the verbal description. 

A CHANGE 3 problem Is used as an example. 

"Betty has 12 star coupons. Here are her coupons." 



Write 
12 
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"Fred gives Belly some more coupons." Write: 12 



.a 



'Why did we write tho plus sign?" 



"Why did we write the 



sign?" 



Turn overheed off. Add six more counters to the collection. Turn overhead 
on. 



Write 



'Betty now has 16 of these 



12 ♦ 



= IB 



'How many did Fred give Betty?' Write: 12 * 



Circle the onswer 12 ♦ 




6 



= 18 



= 18 



"SIX is the missing amount that we didn't know - the number Fred gave 
Betty." 

L ESSON THREE. Writing Problems 

Introduction: Write a number sentence on the overheed or chalkboard: 



23 ♦ 



= 44 



"Write 8 story problem so that this number sentence shows what is in the 
problem." 




Ask for these from individuals and analyze them as a group. Remind children 

can show parts or the action of joining. !t 
may also show "how much more than." The C7 always shows the number 
to be found - the answer to the question in the problem. 

Activit y: Pass out the worksheet and have children write a story problem 
for each Allow the use of materials as needed. 

L^gSOf^ THREE; Checking UP 2 

Backgrouad: Children have had enough experience with some of the problems 
requiring multiplication and division to warrant finding out which of these 
need instructional emphasis. Read the material in the APPENDIX first. 

Introduction. Each child should have 30 cubes of sonne kind and a calculator. 
Remind them to use these to represent objects in the problems. "Listen as I 
read the problem and show it to you. First, find the answer. I will read it a 
second time. This time concentrate on the number sentence to show the 
problem. Then CIRCLE the number in the sentence that answers the question 
in th? problem." 

Reveal the problems one at a time. Read each one twice slowly. Give 
children time to THINK between each step. Analyze the results to determine 
which kinds of problems to emphasize. 

LESSON FOUR: Multiplication and Division 

Introduction: Go through the problem kinds for multiplication and division 
one at a time. Follow the same procedure as with addition and subtraction. 

Allow the use of materials 

Emphasize writing number sentences 

Emphasize making diagrams to show the problem sitrnions 

CHANGE I: "I put 5 pictures on each of 4 bulletin boards How many picture 
did { use?" Materials to show this on the overhead: 
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XX 


XXX 


X 


X 




X 


XX 




XXX 


XX 


XX 


XX 




X 



XXXXX 
XXXXX 
XXXXX 



There are 20 pictures altogether. 
Number Sentence: 



= 4x5 



'20 goef: In the box. 



Picture. 




There are 20 pictures aUogelher" 

CHANGE 2; Joyce had 24 strawberries.. She gave 6 to each of her friends 
How many friends received strawberries? Materials tn show this on the 
overhead: 

Sort out by 6's: 



WWW WW^ 



'There are 4 collections of 6, so 4 friends 
received strawberries.' 



Number Sentence: 24 ^ 6 = 
"4 goes in the box.' 
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CHANGE 3; George had 18 turtles. He gave an equal number to each of 3 
friends. How many turtles did each friend get? Materials to show this on 
the overhead. 

Sort into 3 groups one at a time: 




"Each of the 3 friends received 6 turtles." 



Number Sentence: 



= 18^3 "6 goes in the box." 



COMPARE 1: Francine has 6 nickels. She has 5 times as many pennies as 
nickels.. How many pennies does Francine have? Materials to show this on 
the overhead: 




"For each nickel, there are 5 
pennies. For 2 nickels there are 
10 penni«;s. For 6 nickel5>, 
there are 30 pennies.' 



Number Sentence: 5x6 = 
'30 goes in ttie box." 



ERIC 



73 



Tor each nickel there are 5 pennies.' 



TABLE; 

Nickels Pennies 

1 5 

2 10 

3 15 

4 20 

5 25 

6 30 

COMPARE 2; Jane had 30 dimes. She has 3 times as many dimes as Pat. How 
many dimes does Pat have? Materials to show on the overhead; 



o 
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'Jane has 5 dimes for every one 
of Pal s." 




There are 1 0 groups of 3 so 
Pat has 30 dimes." 



PICTURE: PAT 



JANE 





isms 



TABLE: 
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Pal 


Jane 


1 


3 


2 


6 


3 


9 


4 


12 


5 


15 


6 


18 


7 


21 


8 


24 


9 


27 


10 


30 



COMPARE 3: Davey has 3 frogs. Paul has 12. Paul has how many times as 
many frogs as Davey? Materials on the overhead. 



Let's arrange these first as one of each: 





o 
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'We con use another so there ore 2 for eoch. 



15 






s? 




SIS 






1? 







'We can give each large frog 2 more, so: 




There ore 4 for each one." 



Number Sentence: 



= 12^3 '4 goes ir the hox. 



COMPARE 4; John has 15 pairs of white sox and 5 pairs of colored sok. He 
has how many pairs of white sox for each pair of colored sox? Materials to 
show on the overhead projector. 



Let's arrange these first using 1 for 1: 



oo o 
o o 
o o 
oo o 
o o 
o o 

o 



o oo 
o o 
o o 
o o 
o 

o o o o o 



"How many more whites can we put with each colored one? 



o o o o o 
o o o o o 
o o o o o 



"There are 3 wdUes 
for each colored one. 



Number Sentence 15^5 = 



'3 goes in the box 
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Picture: 




COMPARE 5; His colored sox are what fractional part of all of his sox'^ 



"How many sox does he have?" 20 
"How many colored sox does he have?" 5 
"5 IS what part of 20?" 1/4 

It is unlikely your assessment will yield many students who can handle 
many-to-many comparisons as in COMPARE 6-11. The ratio work that you do 
with that set of lessons will give the background needed so those kinds of 
problems can be worked on at the next level. 

LESSON FIVE: More Multiplication 8< Division 

Introduction: This is to introduce children to the selections problems that 
lead to multiplication and division. 

Selection 1: Matenals to use on the overhead. 

"Gloria has 3 dogs and 4 collars for these. In how many different ways can 
she match a dog with a collar?" 

"Let's represent these. We'll let colored chips represent the collars and 
different shapes represent the dogs: 
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z 



is Fido 




is Spot 
is Rover 




R 



WMB 



ore the collars. 



"How can we match the collars of different colors with the dogs 



Tido can wear a collar 
4 different ways." 



^® 
® 



® 
© 



'Spot can wear one of these 
collars 4 different ways." 
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"How many matchings do we have?" 

"Whet are some ways that we could show this in a table or a diagram?" 

Dogs 




s 



Number Sentence. r 3 x 4 



Selection 2; In these the total number of pairs is known and the number of 
things possible for one part of the pair is known, so division is neded. 



"Frank can make 15 outfits including e sweater end a pair of slacks He has 
3 sweaters to choose from. How many slacks does he have?" 

Let's look at a collection of pairs of UNIFIK cubes and try to put them into an 
array by classifying them." 

Have fifteen UNIFIX pairs: 

5 with red followed by white, green, blue, brown or black; 
5 with yellow followed by white, green, blue, brown or black; 
5 with orange followed by white, green, blue, brown or black 



These should be in random arrangement. 

"How should we classify these in an arrangement of rows and columns? 
You should eventually get the following: 



R 


W 




R 


G 




R 


BI. 




R 


8r. 




R 


Bk. 






1 


J — - 


Y 


Br. 




0 


W 




0 


G 




0 


BI. 




0 


Br. 




0 


Bk. 



"The first UNIFIX in each pair is the same for every row and t.^e second is 
the same for every column." 

If we knew the 3 colors used first or the 4 colors used second, we could find 
the other one from the number of pairs. In this case 12-3 = 4 or 3 = 12^ 
4. 

"You tell me what to do to work this problem." 

"Tim has 15 hat and scarf combinations. He has 3 hats. How many scarves 
does he have?" 



Activity : Give students some of the provided problems to wori< on. Allow 
the use of materials to represent objects in the problems. Have them write 
number sentences and circle the number that answers the question 

LESSON SIX: Twr -steo Problems 

Baukground: These problems involve the application of one arithmetic 
operation followed by another. To do these, children MUST very thoroughly 
understand the situations that give rise to the four arithmetic operations. 

introduction: Tom has 8 bags with 8 marbles in each bag. He has another 
bag with 26 marhles in it. How many marbles does he have in all?" 

"Let*s look at this one step at a time." "How many marbles ere in ell of the 8 
bags?" 64. 

"He has another bag with 26 marbles. What do we do with this 26?" 
"How many marbles do we have in all?" 

"Notice we multiplied first, then added something to that result " 
1 =8x8+ 



Write: 



26 



Do 8 second: 



"Sally put 9 coins on each of 7 pages in her coin collection book. She had 77 
other coins in a box. How many coins did she have in all?" 

"What do we do first?" 

"How many coirs is that?" 

"How do we get the number of coins IN Alt'? ' 

"What is the number sentence?' 



= 9 x7 + 77 
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Activit y. Pass out the activity sheets and monitor the work closely. 
UESSDN SEVEN: Non-Traditional Problems 



Background: Problem solving does not all fall neatly into t'^ses of adding, 
subtracting, multiplying and dividing, or combinations of th'^se. Some 
problems -equire use of other strategies. These include: 

Guessing and Checking 
Making a picture 
Making a table 
Making a list 
Finding a pattern(s) 
But mostly, THINKING 

Introduction: Work two or three problems that illustrate these Some 
examples are: 

"Sam has 7 coins, ell nickels and dimes. Their total value is 50t. What are 
the 7 coins?" 

"Could all 7 be dimes? Why not?" 

"Could all 7 be nickels? Why not?" 

"What amounts could t»5 in dimes'?" 

List these as given: 

Dimes: 

lOe 

203; 

30$ 

40$ 

"Whet amounts could be in nicke]c'7" 
Discuss why they must all end in "0". 
List as given: 
IOC 
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201 
30$ 
40$ 

hake a tab]e: 



No. of Dimes 


Amount 


No. of Nickels 


Amount 


1 


10$ 


2 


toe 


2 


20$ 


4 


20$ 


3 


30$ 


6 


30$ 


4 


40$ 


8 


40$ 


"How can we get 7 coins?' 


Circle with colored chalk 



'Which gives 50$?" 

So, we have 3 dimes and 4 nickels. 

The lime is 7.35. What time will it be in one hour and twenty-five 
minuls?" 

"What is the time are one hour?" 8.25 
"What is 25 minutes added to this time?" 
"Sojtwill be 8:50." 

"Janis is thinking of two numbers, if she adds the two numbers, it is 17. 
The larger is 9 more than the smaller. What are the numbers?" 

What are some ways to do this?" Possibilities include looking at all 2 
m«mber combinations making 17. Another is looking at numbers 9 apart. 

Possibility 1: Possibility 2; 

1. 16 1 10 

2. 15 2. 11 

3 14 3. 12 

4 13 4. 13 
5. 12 5. K 



6. n 6. 15 

7. 10 7. 16 

8. 9 

"How many of these "How many of these 

pairs have larger 9 more add lo 1 7?" 
than smaller? 

"The result is clearly 4 and 13. 

"How much do 30 eggs cost if eggs are 66| per ODzen?" 

"What mui:t we do first?" Pick up on suggestion to see how many dozen in 
30: 

30- 12= O 

rj =2 1/2 

"Now what must we do?" 

"Let's summarize all we did in a number sentence." 
30- 12x661 = 

"Could we have done this another way?" Make a table: 
Eg gs Cost 
1 6 ^5 
1 2 65 What we knov^^ 

2 18 99 

3 24 132 

4 30 156 What Y.e need 



Aptivit y: The attached set of problems should be used as a source for giving 
problem solving work at least once a week. 
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Sometimes have the children work on these in pairs. Sometimes work with 
the whole group in analyzing and thinking through a problem. Sometimes 
have children list all of the different ways to work a given problem after 
having worked it. 

LESSON EIGHT: Creating Problems 

Introduction: Explain to the children that they will be given some 
information, but no question about it. They are to write as many questions 
about this that require a number as they can. Give one example: 

The flag of the United States has 7 red stripes and 6 white 
stripes." 

Try to get as many related questions as ycu can - for example: 

There are how many more red stripes?" 
"How many stripes are on the flag?" 
The number of white stripes is what fraction of all of the 
stripes?" 

Activity: Use the problem sheets. Have children write questions about the 
information given. 
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LEVEL FOUR 



ASSORTED PROBLEMS TO USE 

1 . As a problem of the day 

2. For assignments 

3. For pairs of children to work on, etc 



1. Bridgeman's is having an ice cream cone special. They heve cake 
cones and sugar cones. They will let you choose from chocolate, vanilla or 
strawberry ice cream. Vou can add crushed nuts or marshmallow topping. 
How many different choices of an ice cream cone do you have? 

2. In preparing for a marathon, Frank ran every day of the week for a 
total of 100 miles. He ran 13 miles { n Saturday and 12 miles on Sunday. On 
the rest of the days he ran the same number of miles each day How many 
miles did he run on the weekdays'' 

3. Several children in the ci iss have dogs as pets. There are three 
times as many Collies as Spaniels. There are 6 more Spaniels than poodles. 
Three children have poodles. How many children have dogs? 

4. June sold 28 paperbacks for 10| each at her mother's garage sale. 
She has 27 paperbacks left Sne wants to get a total of $10.00. How much 
should she charge for each remaining paperback? 

5. Dean used pattern block triangles to make large triangles. The 
largest triangle required 36 triangles. The side of this triangle is how many 
times as long as the side of a pattern block triangle. 

6. Vicki, Shelley, Tom and Chris each have a dog. The dogs are 
Spaniel, Spitz, Terrier and Labrador. Vicki hac the Spaniel; Shelley does not 
have the Spitz or the Labrador. Chris does not have the Labrador. Who has 
which dog? 

7 Al's 3 stage rocket model is 120 centimeters long. With the first 
stage removed, it is 74 cm. With the second stage removed as well, it is 42 
cm. long. Which stage is the longest? How much longer is U than each of 
the other two? 

8. Linda paid for her records with $2.25 in quarters and dimes. She 
used 2 more quarters than dimes. What coins did she give the clerk? 
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9. Tern's mother made a cake in a pan 9 in. x 12 in. When it cooled, 
she frosted it and decided to put chocolate soldiers around the top edge of 
the cake. If she put the soldiers 3 inches apart, how many did she use? 

10. Of the 30 players on the football team, all but 2 are going to the 
awards banquet. They will be seated 4 to a table. How many tables are 
needed? 

1 1. Tabitha numbered the pages of her diary, it has 150 pages. How 
many times did she use the digit °4"? 

12. Lynn, Iris and Sue found a boxful of marbles. They set aside half 
of them to use later. Each girl took 1/3 of the rest of the marbles? Lynn 
received 12 marbles. How many marbles were in the box? 

13. Larry went smelting. Each time he dipped the net, he had 2 more 
smelt than the last time. How many smelt were in the net when he dipped it 
the tenth time? 

14. The 4th grade class has 5 gerbils end 2 cages. In how many 
different ways could they be put in the cages, without any cage being 
empty? 

15. Phyllis's mother went on a diet for 30 days To make it more 
challenging, Phyllis's father said he would pay her $2.00 for every day she 
lost weight, but would charge her $1.50 for every day she gained weight At 
the end of 30 days, Phyllis's father paid her $25. On how many days did 
Phyllis's mother lose weight? 

16. Denny made a deal with his neighbor to mow his lewn. He <^aid he 
would charge $4.00 for each of the first 5 times and $5.00 for each time 
more than 5. He mowed the lawn 12 times. How much did his neighbor pay 
Denny? 

17. Shelley and Gregg went to the movie It started at 6 30 
Previews of coming attractions took 12 minutes. Commercial eds took 7 
minutes. The film lasted 1 hour and 3C minutes. Their bus left at 6.30. 
How long did they have to catch the bus? 

16. Tickets for the football game were numbered 500-1000. Each 
person having a ticket with only one 6 and no other digit smaller than 8 
received a free banner. How many banners were given away? 
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19. Fritz tried to make the longest UNIFIX link in the class. He used 
900 UNfFIX cubes. Each is 3/4 inch long. How long was his UNIFIX cube? 

20. Red pencils are 3 for 89f and yellow pencils are 4 for 89e If 
Tom's bill was $5.34 and he bought more yellow pencils than red pencils 
how many pencils did he buy? 

21. 5 pound bags of potatoes cost B9t and 10 pound bags cost \ .59t 
How much cheaper is it to buy all 10 pound bags if qou need 50 pounds of 
potatoes? 

22. 132 people attended Boc.u Viii. Adult tickets cost $400 end 
children's tickets are $2.50. How many children attended if the tntal 
receipts for tickets were $480? 

23. Two-thirds of Mrs. Runlons class are boys. To even things 5 boy^ 
go to Mrs. Davern's class and 5 girls come to Mrs. p- nions' class Now only 
one-half of Mrs. Runions* class are boys. How many students are in Mrs 
Runions* class? 

24. Write 5 division problems that have an answer 7 R 3. 

25. Gerte is now 7 inches taller than her brother Dean She grew 3 
inches last year while Dean grew 4 inches A year ago Dean was 4 feet 3 
inches. How tall is Gerte? 
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PROBLEMS TO USE ON ASSIGNMENTS FOP STUDENTS 

These are a)so models of kinUs of muUi plication and division problems for 
you to use in writing more of these. 

"Bridgeman's has 10 flavors of Ice cream and 5 different toppings. How 
many different ice cream cones can be made?" 

"I put 5 pictures on each of 4 bulletin *?oards. How many pictures did I use?" 

"! have 6 bags of apples with 9 apples in each bag. How many apples do I 
hove?" 

If 7 boxes of crayons have 8 crayons in each box, how many crayons are 
there?" 

"Bill has 9 pennies. His brother has 4 times as many pennies as Bill. How 
many pennies does his brother have?" 

"Fred's marble bag has only 4 marbles in it John's bag has 7 times as many 
marbles. How many marbles are in John's bag?" 

"Jane has 18 crackers. She put them into piles of 6. How many piles did she 
have?" 

"If 24 apples are put into 3 bags so that each bag has just as many upples, 
how many will be in each bag?" 

"John caught 3 times as many perch as sunfish He caught 15 perch How 
many sunfish did he catch?" 

"Bill's box has 18 washers and 6 nails He has how fnany times as many 
washers as nails?" 

"Faula has 24 different sweater and skirt outfits She has 6 sweaters. How 
many skirts does she have?" 

"How many 6-packs of pop do you have to have to buy so each one in a class 
of 54 can have one bottle*^ 

"If 5 tires are sold with each car, how many tires in all have to be supplied 
with 6 cars? 



31 



ERIC 



"Jet planes have 4 engines on each plane How many engines are there on 8 
of these planes?" 

"A wren weighs 4 ounces. A crow weighs Q *imes as much. How much does a 
crow weigh?" 

"John has 6 shirts and 4 pairs of trousers. How many different outfits of a 
shirt and a pair of trousers can he wear?" 

"Jean has 4 packages of jacks. There are 16 jacks in each package. How 
many jacks does she have?" 

"If the hockey team plays 2 games a week for 3 months, how many games 
will it play?" 

' A chess set has 4 castles. How many castles are in 9 sets?" 

"John bought 5 bags of marbles Each bag had 12 marbles. How many did he 
buy?" 

"Jean has 6 baseball cards. Tom has a times as many. How many baseball 
cards does Tom have?" 

"72 eggs are put into cartons with 12 spaces. How many cartons are used?" 

"64 pencils are put into boxes with an equal number of pencils in each box. 
8 boxes are used. How many pencils are in each box?" 

"If 72 straws are put into bundles of O straws, how many bundles are used';'" 

"63 marbles are put into 7 bags so each bag has just as many marbles. How 
many marbles are m each bag?" 

"If you have 54 peanuts and give 5 peanuts to each squirrel, how many 
squirrels will be fed?" 

"A classroom has 56 hamsters m 8 cages Hosy many are in each cage if they 
are equally divided?" 

"32 Boy Scouts were divided into 4 patrols Each patrol had just as many 
Scouts How many boys were in each patrol'?" 



"Jef v¥orks at the deli after school. She put 48 cans of peaches in boxes 
with spaces for 8 cans. How many boxes did she fill?" 

"If 72 apples are put into 8 bags with the same number in each bag, how 
many apples are in each bag?" 

"How many 20 cent candy bars can you buy for one dollar?" 

"HOW many weeks are there in 49 days?" 

"What is the cost of six 8 cent pencils?" 

"How many hours are there in six days?" 

"How many apples costing 201 can you buy for 80$?' 

"In cleaning up the playground, 34 students worked on Thursday and 48 
students worked on Friday. How many students worked on the two days?" 

"The students picked up 432 cans and 172 bottles How many more cans than 
bottles were picked up*?" 

"In starting a school garden, the sixth grade bought 7 packets of seed, 15 
tomato plants and 12 pepper plants. How many things did they buy?" 

"Janet picked 14 tomatoes after school. Her sister picked 9 more than Janet 
did. How many tomatoes did her sister pick? 

"Terri had some beads for a necklace When Elly gave her 15 more, she had 
enough to make a 34-bead necklace. How many beads did Terri have to start 
with?" 

"Peter has 12 cassette tapes that play for 60 minutes each How many 
minutes would it take to listen to all of the tapes'?" 

"A factory has 260 chairs One store ordered 144 chairs Another ordered 
152 How many more chairs does the factory need to fill both orders?" 

'A carton holds 15 screwdriver sets. Each set has 6 screwdrivers. How 
many screwdrivers will be sent out in 8 cartons?" 

"If the school store has 120 pencils at the beginning of the week and 63 at 
the end of the week, how many pencils were sold during the week?" 
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"If the school store sold 29 green binders and 34 blue binders, how many 
binders were sold in all?" 

'If the store sold 93 notebooks in April and 134 notebooks in May. how many 
fewer were sold in April?" 

"The football team agreed to share the cost of the hamburgers and cakes 
equally, if these totalled $17.92 and 1 1 players shared the cost, how much 
did each pay?" 

"If 45 seats are in 5 equal rows, how many seats are in each row?" 

"How many cookies would each person get if a bag of 144 cookies was 
shared by 24 students?": 

"How many oranges are in 6 crates that hold 86 each?" 
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LEVEL FOUR 



NON-NUMERIC PRObLEM SOLVING 



At this level children chould continue to work on problems that involve the 
use of Pattern Blocks and Tangrams. 

Select materials from the following sources 

Pattern Block Activities A 
Pattern Block Activities B 
Let s Pattern Block It 
Moving On with Pattern Blocks 
Pattern Blocks Games - Geometry 
Pattern Blocks Games - Logic 
Tangram Patterns 
Moving On with Tangrams 
TAN6RAMATH 

A few pages from these have been reproduced to illustrate activities 
appropriate for this level. 
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LEVEL FOUR 



MEASUREMENT 

LESSON ONE: Len gth 

Introduction. Place a piece of cardboard on the overhead. Measure it with 
cuisenaire white rods. Review the idea of a standard unit to measure length 

Count out 



I 
I 



Place a transparent geonrjetric shape on the overhead Measure its area as 
best you can with small squares of the same size Review the use of an area 
unit to measure area. 




Take a small box. Count out the cubes you use as you fill this box with 
cubes of the same size. 
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Review the use of volume units to measure volumes. 

Ask the children what an appropriate unit would be to measure the length of 
the desk instead of the C white 

Discuss the responses - the C orange, a longer string of paperclips, etc. 

Ask the children what would be a better unit to measure the area of the top 
of the desk. 

Discuss the responses - base ten hundreds, etc. 

Emphasize why using larger units that are TEN times smaller units are 
easier to use 

LESSON TWO: Standard Units 

Introduction: Cuisenaire white rods are I cm on a side. A cuisensaire 
orange rod is a decimeter (qO cm.) in length. The end face of any cuisenaire 
is a square centimeter (sq. cm.) Cuisenaire rods can be used to yield metric 
measures of short lengths and distances, and small areas sq. cm. squares 
made from graph paper and cut out of light poster board to measure small 
areas. The cuisenaire white is a cubic centimeter (c.c. or cm 3) in volume. 

Hold up a small open box; 

"What is there about this box ♦hat can be measured'?" 

Discuss these responses. Then consider LENGTH, AREA and VOLUME 
separately as to how cuisenaire rods and graph paper squares could be used 
to measure each of these. 



On the overhead projector, put a transparency with a line on it. Use a metric 
transparent ruler to measure the line in centimeters Then use a foot-inch 
transparent ruler to measure the same line. Connpare the two measurements 
(nearest centimeter and nearest inch.) 

Assign a set ef lengths for groups of three children to measure in 
centimeters. Have them record these and discuss the results as a large 
group. 

LESSON THREE 

Introduction. Place a transparency of a geometric shape on a transparency 
of a cm2 graph paper. Have the children count the squares and estimate 
additional squares made up of pieces of the region inside the triangle 




Give each group of three children graph paper and several cut out geometric 
shapes. Have them (1) estimate the area, then (2) find the area in cm2 of 
each shape. 

LESSON FOUR: 

Give each group of children a block (such as in Geoblorks) or a box and 
nULTILINK cubes. Demonstrate making a Multilink "block" the same size as a 
given block: 
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Point out the THREE lengths in the block that determine the number of cubes 
The block can be thought of as 4 layers with 12 blocks in each layer. 

Then show an open box and ask the children if the same number of multilink 
cubes would FILL it as would be needed to build another one like it. Discuss. 

Have the children make MULTILINK cube blocks as close to several given 
blocks as they can make. 

LESSON FIVE 

Children af e to be organized into groups of three. Each group should have 
several blocks of different sizes and weights and several of the same kinu 
of objects to use as weight units - Unifix cubes, washers, etc. 

Introduction Put a balance beam so all children can see it. An OHAUS 
bucket beam is good. Put a block in jne bucket. Explain you will put 
(washers) in the other bucket until the beam balances. Do this, counting the 
blocks as you do it. This block weighs washers." 

Activit y: Have the children weigh several geoblocks, using whatever "units " 
of weight have been given to them - washers, marbles, Unifix cubes, 
Cuisenaire whites, etc. The recording forms should be completed and 
discussed later as to the variation m results when different units are used 
for the same block 

LESSON SIX 

Introduction- ohow a meter stick to the children. Point out the subdivisions 
on it- Emphasize that the units are all related by TEN - 10 millimeters in 
one centimeter, 10 centimeters in one decimeter, 10 decimeters in one 
meter 




Compare the meter stick with a yardstick so the children can see how close 
they are in length and that either can be used for measuring the same 
lengths with close to the same results 

Emphasize the use of "centi" by referring to money. 

"How many CENTS are in a dollar?" 

"How many CENTS are in a dime?" 

"How many dimes are in a dollar?" 

"How many CENTImeters are in a meter?" 

On the overhead, measure a line using a transparent decimeter ruler: 



Discuss measuring to the NEAREST unit on the ruler 

Activity : Have groups of 3 children measure several lengths in the room to 
the nearest CM. and to the nearest MM. If not enough meter sticks ere 
available, have them use string, put labels on the string lengths, then use a 
meter stick to measure the string lengths 
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LEVEL FOUR 

FRACTIONS: REVIEW 

Background Children will have had an Introduction to fraction operations 
with Cuisenaire Rods in Level Three. LESSON ONE is to review that work. 

LESSON ONE: Sixths Famil u 

Introduction: 

Place the SIXTHS family on the overhead projector 
D 

V I 

Pi 

G 

XT 
l«J 

The D rod is one." 
"What fraction does W represent?" 
"What fraction does R represent?" 
"What fraction does G represent?" 
"What fraction does P represent?" 
"What fraction does V represent?" 
"How many l/6ths in 1/2?" 
"How many l/6ths in 1/3? " 
"How many l/6ths m 2/3?" 
"How many l/6ths in ONE?" 
"What are 2 names for the R rod?" 
"What are 2 names for the G rod?" 
"What are 2 names for the " rod?" 



Join G and R as Shown: 



"What fraction is 6 rod?" 
"What fraction is R rod?" 
"What fraction is the JOINING of G & R?' 



Compare 6 and R as shown: 



G 


R 
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"What is the difference between G and R?" 
"What fraction is 1/2- 1/3?" 

Conripare Y and 6. 
V 

G I 

'What is the difference between V and G?" 
"What fraction is 5/6- 1/2?" 

Write. 5/6 -1/2=1/3 

5/6 - 3/6 =2/6=1 /3 

Why is it easier to use the SIXTHS name when using this family of rods?" 

Actlvitu : Give students D, P, G, R and W rods and the worksheets. Have 
them put missing rods in first Then have them work the fraction exercises 

LESSON TWO: r . omDannq Fractions 

Introduction 

Place a D rod on the overhead projector 

"This is ONE " 

Place a G rod under it. 

"What fraction is itm'^" 

Place an R rod under it 



D 


G 











"What fraction is this?" 

"Which fraction is larger?" 

"How many times as big?" 

"How many R rods can be made from a G rod?" 

(Be sure here to put the W rod difference below the R rod to see the 
difference makes half of an R rod.) 
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G 


R 




V 


V 





Write: 1/2 1/3=11/2 

The R rod is what part of the 6 rod?"* 

You probably will have to put the following on the overliead 



w 




W 


6 


R 




W 


W 



"2 W is what part of 3 W?" 
Write 1/3 1/2 = 2/3 

"YOU expect to get only part of a 1/2 because IT is BIG5ER THAN 1/31° 

Remind them that if you try to get smaller things from a bigger one, you get 
one or more. But if you try to get something bigger from something smaller 
you get only a part of it! 

Do a second example using Y and P to get 5/6 2/3 = 2 1/2 

2/3 5/6 = 4/5 

Activity; Pass out the worksheets for children to do using the rods This 
work must be monitored since some children will need help in seeing how 
the W rod equivalents can be used to compere them 

LESSON THREE: 
Introduction 

Once children have mastered joining fractions and comparing them as to 
which are larger, the difference between them and how many (or part.) of 
one can be made from another, they should take parts of fractions. 

Make transparency squares of different colors from the masters provided 
Use an opaque piece of cardboard to cover parts up. 

Show a 1/3 square: 
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'Each part is what fraction?" 



Cover one third: 



"What pert is now showing?" 

"How would I take one-half of this?" 

Use a second "half" square to do this by laying it over the 2/3 




"How many parts do you see?' 

"What fraction of the whole square are each of these parts'? 
Draw a picture if you have to 
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\ 


2 


3 


4 


5 


6 



"So we have two of the sixths in half of the two thirds." 
Write this as; 1 /2 x 2/3 = 2/6=1 /3 
Remind them of the Cuisenaire rods: P = 2/3; 



p 


R 


R 



'Each R is half of P or 1/3 is 1/2 of 2/3" 
"We write; 1/2x2/3= 1/3" 

We get fractions by dividing ONE into parts in different ways Thirds fronri 5 
equal parts, fourths from 4 equal parts, etc " 

We divide a fraction into equal parts to take a part of it in the same way " 
1/2x2/3 

Multiplying these gives the number of new parts 
1/2 X 2/3 

Multiplying these gives the number of these parts we have. So multiplying 
fractions is just taking parts (or multiples) of other fractions 

1/3 X 4/5 means taking one of the 3 equal parts 4/5 has been divided up 
into: 





1 /3 of 4/5 




(Count ttiem!) 



LESSON FOUR 
Introduction 

Tell the children the N rod is now to be ONE Put this rod on the overhead 



N 



'Whet rod will be 1/2?" Put the P rod under N 



H 


P 





'What fraction will the R rod be"-'" Put the following rods on the overhead: 





V V 


V V V ¥ 


If 


p 




R 
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'What fraction is the W rod?"' 
•How many EIGHTHS in 1/2'?" 



"How man j EIGHTHS in 1/4? 



Write: 1/2 = 4/8 1/4 = 2/6 

Put the full array of rods on the overtiead 





V 






¥ 


V 


V 


V 


H 



K 



0 

Y 

P 

G 

R 



Have the children identify each rod as to its value in EIGHTS. Repeat the 
activities in the previous lessons Join rods and write the number 
sentences. Compare rods by: 

Finding the differences oetween 2 rods 

Finding what part a shorter rod is of a longer rod 

Finding how many shorter rods can be made from a longer rod 

Write number sentences to show all of these 

Activity: Have children use rods to do the worksheets. 

LESSON FIVE: flore Than Two Fractions 

introduction 

In the family of eighths, join three rods together such as shown: 
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8 



B 1 R I Y 

3/8 ♦ 1/4 ♦ 5/8 

(2/8) 

Show this by: 



fQ/8 



" 1 R 


G 


R 


Y 



So: fO/8 = f ♦ 2/8 11/4 

Do a few of these and then pass out the worksheets Have the children use 
rods to work the extended joining worksheets. 

LESSON FIVE: Twelfths 

Beckqround: This family is the most versatile of the fraction families since 
it incorporates 1/2, 1/3, 1/4, 1/6 from the earlier families and adds 1/12. 
The same emphasis should be placed on combining, finding the difference, 
finding how many of llie smaller in the larger, how many of the larger in the 
smaller, parts of fractions, multiples of fractions as before. 

Introduction: Children should have Cuiseneire Rods to work with m pairs 
Place the following on the overhead pro lector 



R 



"This length is ONE." 
"Make this train of rods." 
"Find the rod that is ONE HALf " 
Place the following on the overfiead 



0 




D 


D 



Tino the rod that is ONE THIRD • 

Place the following on the overhead projector 



o 
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9 



0 




D 


D 


P 1 P 


P 



Tind the rod that is ONE FOURTH." Place the following on the overhead 
projector 



0 


R 


D 


D 


P 


P 


1 


P 




G 


6 


G 


G 



"Find the rod that is ONE SIXTH." Piece the following on the overhead 



0 


R 


D 


D 


P 


P 


P 


G 6 


G 


6 


R 


R 


R 


R 


R 


R 




wj W 


W W 


W W 




W 


W W 



"Whet fraction is the W rod? 



Wnte: D= 1/2, P= 1/3, 6= 1/4, R= 1/6, Wz 1/12 
"We are going to combine some of these rods." 



Write: 1/3+ 1/4= I i 

"Use rods to find the fraction in the box " Place these on the overhead 
projector; 



K 


V 




w 


w 





"Now find the difference between 1/3 and 1/4." 
Then place these rods on the overhead. 
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The difference is 1 1/2 so 1/3- !/^= 1/12." 
"How many twelfths in 1/3?" 
"How many twelfths in 1/4?" 

"So we could write 4/ 1 2- 3/12= 1/ i2 in place of 1/3 - 1/4 = 1/12." 

"How many l/4"s can be made from 1/3?" 

"We write: 1/3 1/4=1 1/3." 

"Can we make a whole 1/3 from 1/4?" 

"What part of a 1/3 can we get? Use the W rods to find this." 

"We write. 1/4 1/3 = 3/4" 

Activity : Have the children work in pairs on the activity sheets, using C 
rods. Carefully monitor this activity, asking frequent questions of the 
children about what they are doing. 

LESSON SIX: More Twelfths 

Background: Childi"en should get extensive practice with fractions in the 
family of twelfths since it includes most of the everyday fractions we use. 
If they understand these operations, they will use them with EIGHTHS on the 
ruler and in other contexts 

Introduction: Place the twelfth ONE on the o 'erheed projector along with 0 
* W. 



vf ^ ^ w 


w 


w 


w 


w 


w 


^1^ 


0 


R 


0 


w 





"What fraction is the length 0 + W? Use the W TWELFTHS to find this " 
"What fraction is 0?" 
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Write: 0* W= 11/12 
0 = 10/12 

"Find the fractions shown by E, N, K, and V." 

Then have the children help you complete: 

0 + W=11/12 
0 = 10/12 
E = 9/12 
N = 8/12 
K = 7/12 
V = 5/12 

Point out how since R measures 0 and N, these can be written as 5/6 and 
4/6. But P measures N also, so 8/12 = 4/6 = 2/3, 10/12 = 5/5 and 9/12 = 
3/4. Remind the children they can use any name for a fraction that has more 
than one name. 

Combinin g: 

Put these rods on the overhead: 



G 


P 


R 


!/4 


♦ 1/3 ♦ 


1/6 


then put 




6 


P 


R 


E 



"The E rod is 9/12 or 3/4, so 1/4 + 1/3 1/6 = 3/4" 
Comparing by difference. Put these rods on the overhead: 



K 

P 



The K rod is what fraction?"; 
The P rod is what frartion'?" 
Write: 7/12 1/3 

"What is the difference between these?" Place: 



12 



P 



e 



and write: 7/12- 1/3= 1/4 

"The 6 rod is 1/4 in the TWELFTHS family " 

Finding Smaller in Larger: 

"How nr^any P rods could be made from the K rod?" 

"One plus what part of another? Use W rods to see what part of a P rod s G 
rod is " 

Write: 7/12 1/3=1 3/4 

"How many K rods can you get from a P rod?" 

"What part of a K rod. Is a P rod?" 

Use W rods to find this. Place on the overhead: 



V w w w 




IC 


p 







V/rite 1/3 7/12 = 4/7. 
Take the E rod." 

"Find the rod that is 2/3 of this." 

Write: 2/3 X 3/4 = 1/2 

"3/4 of 2/3 is the same as 2/3 of 3/4." 

Activity : Give pairs of children rods to use to complete the activity sheets. 
LESSON SEVEN: Finding the HNE rod 

Background: Finding a common denominator for fractions is the clue to 
operating with thenn. A common denominator is a common measuring unit. A 
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certain common measuring unit in Cuisenaire rods is the W rod. However, 
others are also; R measures P,D,N and 0. G measures D and N. 

Introduction: "Consider 1/2 and 1/6. Can we measure 1/2 with SIXTHS?" 



0 


G 






W 



"We can measure 1/3 three times with sixths so this is a common 
denominator By renaming 1/2 and 3/6, we have a common name for the two. 
Now we can join them, compare them, see how many of one from the other, 
etc." 

"Consider 1/2 and 1/9. If we use E as ONE, W is 1/9: 



W 



Try to find a rod that is one half of E." 

"There is no such rod so we cannot name 1/2 using NINTHS." 

"What can we do to E so that we can always find 1/2 of it?' 



l7* 



"How many W rods to make this length: 
'How many red rods make this length?" R = 1/9 E = 1/2 



E 


R 


W 


W 


w 


w|w 


w 




w 


W 


W 



11 W= 11/18S0 1/2+ 1/9= 11/16 



"We had to find a new ONE rod so both fractions would be in the same 
family." 

"What is an easy way to see the units needed in the ONE rod?" 2x9 would 
give EIGHTEENTHS, the unit needed. 

Activit y: Give each pair of children a set of rods to work on the activity 
sheets. Keep reminding the children that W measures ALL of the rods and all 
fractions can be thought of in terms of W. 
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LESSON EIGHT: MultiDl qin q the Eas u Wau 

Background: After the initial exposure to multiplying fractions using 
colored transparencies, introduce using a diagranri to show the 
multiplication. This reminds the children of the simply "multiply 
numerators - multiply denominators" process. 

Introduction: Write 2/3 x 4/6 on the board. 

Refer to the denominators of 3 and 5. On overhead transparency graph paper, 
outline a 3 x 5 rectangle: 
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"How many units in this rectangle'?" Now outline the 2 k 7 rectangle Inside 
this: 
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"The rectangle inside has how many units?" 

The product of 2/3 x 4/5 = 8/15. 
Do a second problem 
1 1/3x3/4 
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Ask the children how many THIRDS are in the T. Rewrite this as 3/3 + 1/3 
= 4/3 so the problem is: 4/3 x 3/4: 



The two rectangles are the same so 12/12 = 1. 

Activity: Have the children work in pairs to find the products for exercises 
on ths activity sheet 

LESSON NINE: Introduction to Fraction Bars 

Background: Fraction bars are a different model for fractions that make it 
easier to work with mixed numbers and to play some games involving 
fractions. 



Introduction: Use overhead transparency models of fraction bars Array all 
of these "zero" fraction ba^'s on the overhead as shown. 



Orange 



Green 



Vellow 



Blue 



Red 



Ask the children to identify the number of equal parts of each bar in turn. 
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Remind them that this is the TWELFTHS family, but that only the orange bar 
has the smallest common measuring unit. 

Activity : Group children into fours. Each group should have half of one set 
of fraction bars, so there is ONE of each kind of bar. This is 13 orange bars, 
rod bars, 5 blue bars, 4 yellow bars and 3 green bars = 32 bars. Give each 
group the instruction sheet. 

LESSON TEN: War 

Background: This is based on the card game The purpose is to get children 
to compare fractions 

PLAV1N6 THE GAME: Each pair of children should have SIXTEEN different 
bars, EIGHT per child. Each player puts the stack of bars face down. They 
each flip over the top bar of the stack and compare. The player with the 
largest area shaded (the largest fraction) wins both bars. If two bars are 
equally shaded, e.g, 6 of the orange and 2 of the blue, each player flips over 
a second bar. The winner takes all bars. When stacks are depleted the bars 
in the possession of each child are re-stacked and the game continues until 
one or the other had won all of the bars. 

A related game: A pair of players is given SIHTEEN bars. These are placed in 
a stack face down. The top three are turned face up on the table. The first 
player turns over the top bar of the stack. If it matches in SHADED AREA 
one of the bars facing up, the player wins both bars and gets another turn. If 
it doesn't match any, it is placed face up with the others and the turn passes 
to the other player When the stack is gone, the player with the most bars 
wins 

Similar games to find equivalent fractions and to compare fractions can be 
found in the FRACTION BARS INTRODUCTORY card set. This is available from 
almost Qn^i publisher distributing manipulative materials. 

LESSON TEN: Dividin g 

Introduction: Place two transparent fraction bars as shown: 




"How many of the 1/2 can be made from the 2/3?" 
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The children should see that ONE ♦ ONE THIRD of another can be made The 
extra shaded part is clearly one of the threes in the ONE HALF Discuss this 
if necessary Write: 2/3 1/2= 1 1/3 

"How many of the 2/3 can be made from the 1/2?" 

Children should de able to see that only 3/4 of one can be made since the 
parts are there to count. Discuss if necessary 

Activity: Give pairs of children all of the bars of a given color, different 
colors for each pair Have them use these to do the worksheet. They are to 
find all of the ways smaller fractions can be made from larger and vice 

LESSON ELEVEN: Adding end Subtracting Fractions 

I ntroduction: This lesson will give practice in adding and subtracting 
fractions. Each pair of children should ha^^ all of the bars of a single color. 

Put a pair of transparent fraction bars on the overhead projector 




"Which of these has the greater amount of shaded area*?" 

"What fraction is shown by the top bar?" 

■'What fraction is shown by the bottom bar^" 

"What fraction is the DIFFERENCE between the shaded area"" 

"What is the SUM of the shaded areas?" 

Write; 1/2-1/3=1/6 
1/2+ 1/3 = 5/6 

Activit y: Have the children working in pairs complete the worksheet using 
the bars they have. Repeat this so that each pair of children have a chance 
to use ALL colors of bars 

LESSON TWELVE: Common Denominators 
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Introduction: Children should have 8 half set of fraction bars of each pair 
Place the transparency bars on the overhead: 

















1 



"Is there a bar that has parts that will measure both of these?" 

"Match the shaded part of a tjar of that color against the joined parts of 
these bars." 

"What fraction results?" 
Put these up: 




Write 1/4 + 2/3= 11/12 

Emphasize the fact that TWELFTHS measure FOURTHS and THIRDS; so both 
can be described in TWELFTHS 

1/4 = 3/12 AND 2/3 = 6/12 

SO 1/4 + 2/3 = 3/12 + 8/12= 11/12 

Put this example up: 





1 



















The SIKTHS measure the THIRDS so both can be shown as SiKTHS. 
1/6=1/6 1/3 = 2/3 
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1/6*2/6 = 3/6(1/2) 

1. If the larger denominator can be EVENLY divided by the smaller 
denonriinator, name both using the larger: 

1/6 + 1/3 -USE SIXTHS 

2. If not, multiply the denominators together to get A common measure; 

1/3 1/4=4/12*3/12 = 7/12 

Remind the children that they can find two bars of the SAME COLOR that 
have the same shaded area of the two given bars and add or subtract or 
divide using these: 









1/3 









1/4 

So 1/3* 1/4= 4/12* 3/17 = 7/12 like 

4 apples ^ 3 apples = 7 apples 
or 

4UNIFIX = 3UNIFIX = 7UNIFIX 




4/12 




3/12 



The key is giving the fractions the same NAME using the same measuring 
unit. 

Activit y: Have pairs of children use fraction bars to complete the 
worksheet. Keep reminding them of the need to find the common 
denominator (NAMER!). 
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DECIMALS 



LEVEL FOUR 

INTRODUCTION 



Background: Children must understand "equal parts of a whole" 
before understanding decimals. They may have been exposed to rotely 
"reading" decimals on calculators or in other places, but it is unlikely they 
have integrated this into their understanding of piece value representation. 

There are several models that can be used to introduce decimals: 

1. Cuisenaire rods when 0 = ONE The rest of the rods represent 
numbers of TENTHS. 

2. Base Ten blocks: These have the advantage of "seeing" the ten 
equal parts on the TENS pieces or the hundred equal parts on the HUNDREDS 
piece. 

3. Ten-part fraction bars: This model is used in this introductory 
lesson. 

These will have to be made since they are not a«-'ailable commercially Use 
the template provided to make these irom a heavyweight cardboard or light 
posterboard. 



Introduction: Use transparency models of the bars. Children should be 
working in pairs with a set t f bars. Put one bar on the overhead: 




'What fraction does this represent^?" 

"We wnte TENTHS as . , so this three tenths is written as 3 



Write; 3/ 10 = .3 



Put two bars up: 
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"What is the result of joining these?" 



Write 3^4= 7 

"If we have more than ten TENTHS or ONE, we write "the whole number to 
the left of the decimal point." 

Write: 3 7 

"This is three AND seven tenths." 

Activilu: Pairs of childre should have fraction bars end worksheets. Move 
around the groups so that you can observe proper placement of the decimal 
point. 

LESSON TWO: Base Ten Pieces 

Bact^ jround: Teaching decimals has two mam goals: (1) relate to fractions 
as a particular kind of fraction, and (2) relate to place value in base ten. 
Both concepts must be well understood by children before decimals are 
understood, net merely manipulated with the use of rules. 

Introduction: Put a transparency model of a base ten TEN on the overhead 
projector. Children should have base ten TENS and ONES, Tell the children 
the length divided into TEN parts is now going to be ONE end each part is to 
be ONE TENTH 



"Make ONE AND THREE TtNTHS with the blocks. 



I I I I I I 



□ □□ 

Write: 1.3 alongside the blocks 

Rem.ind the children that regrouping the small cubes that are now showing 
TENTHS gives ONES 
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Add this to the overhead; 



1 


Jim 








□ □□ 













"What is the result of JOINING these?" (TWO and FIVE TENTHS) 

Write; 1.3 
*].2 

25 

"What is the DIFFERENCE between these?" (ONE TENTH) 

Write; 1.3 
-1.2 
0.1 

Do 8 couple more examples of joining and finding the difference 

Activity ; Have the children work in pairs on the worksheets, using BASE TEN 
BLOCKS 



LESSON THREE; Hundredths 

Background; When children are proficient at adding and subracting decimals 
and understand tenths, introduce hundredths. 

Introduction Put a hundreds square (unmarked) and a Cuisenaire Orange rod 
beside it: 
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'How many of these orange longs will 11 lake to build the square?" (TEN) 
'If the square is ONE. what fraction will each long be?" (ONE TENTH) 



Show a Cuiseneire white "unit ": 



□ 



'How many of these will it take to build the ONE?" (ONE HUNDRED) 



Replace the blank square by a hundred's square and a ten's long: 
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This is ONE. II has one hundred of these (point to the small square), so the 
long IS ONE TENTH and this is ONE HUNDREDTH." 



Write below each piece as shown: 



□ 



1.0 



0.1 0.10 



Wnte; Ten TENTHS = ONE 

One hundred HUNDREDTHS = ONE 

Ten HUNDREDTHS r one TENTH 

10x1 r 1.0 10m. 01 =0.1 

100 X . 01 = 1.0 



Activit y: 



ERIC 



124 



Pass out base ten pieces and worksheets. Have the children work in pairs on 
the worksheets. 

LESSON FOUR; Numeration 

Background: Reading numerals accurately is necessary for recognizing 
number size, reading calculator output, reinforcing place value 
understanding and for learning to use scientific notation Practice in 
reading and writing numerals should be given until the group as e whole 
devPiops this to a high level of proficiency. 

i ntroduction; Wnte a numeral, e.g. 463 on the chalkboard: 

"Reac: this in words." (four hundred eighty three - do not permit "and" after 
the hundred!!!!) 

"What digit is in the tens place?" (8) 

"How many tens are in the number?" (^orty eight - elaborate on this so they 
see why the number has FORTY EIGHT TENS - Differentiate between this and 
the digit in the tens PLACE) 

"How many tens are in the four hundreds?" (forty) 
Write: 483 = 4 X 100 + 8 X 10 + 3 

Po.nt out the 4 in the HUNDREDS PLACE, the 8 in the TENS PLACE the 3 in 
the UNITS PLACE. 

Write: 4.63 on the chalkboard 

"What does the 4 count?" (ONES) 

"What does the 6 count?" (TENTHS) 

"What does the 3 count?" (HUNDREDTHS) 

'How many HUNDREDTHS are in the eight TENTHS?" (EIGHTY) 

"How many HUNDREDTHS are in the number?" (eighty-three) 

Remind the children that TH means "part of" 
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Contrast HUNDRED and HUNDREDTHS 



"One hundred has how nnany ones^" 
"One hundred has how many TENTHS?** 
"One hundred has how many HUNDREDTHS?" 

Activity. Pairs of children should have base ten blocks and worksheets. 
Monitor closely for. 

1. Correct placement of the decimal point 

2. Recognition of TEN TENTHS = ONE 

TEN HUNDREDTHS = TENTHS, etc. 
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LEVEL FOUR 



NUMERATION 



LESSON ONE 

Background: This lesson is 6 review of mentally counting place value 
materials. 

introduction: Children should have the recording form. Use overhead 
transparency base ten nnaterials. Place an array of base ten pieces on the 
overhead projector Cover with a cardboard. Gradually slide this cover left 
to right lO Position 1, then Position 2, etc., to Position 10. Children are tt 
record the amount visible on their recording forms: 

II l„l I i I i .1 — \ 



I i I III I I I I 

I 2 3 4 5 6 78 9 10 

Cover again and reverse the order of revealing the pieces - Position 10, then 
Position 9 to Position 1. 

Repeat periodically with a different arrangement of pieces for a different 
experience in mentally seeing numeration. 

LESSON TWO: Thousands 

Background: The regroupings from ones to tens, from tens to hundreds and 
from hundreds to thousands must each be done carefully. They are not the 
same and, because children understand regrouping tens into hundreds does 
not mean they will automatically understand regrouping hundreds into 
thousands. 

Introduction: Show children a THOUSANDS block and a HUNDREDS square: 
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"How many hundreds are needed to make the thousands piece?" 

"How many tens are needed to make the thousands piece?" 

"How many tens are needed to make the hundreds piece?" 

"How many ones are needed to make the tens piece? the hundreds piece? 
the thousands piece? 

Build any of these as needed from the smaller materials in order to confirm 
the answers 

Activit y: Pairs of children should have base ten blocks - several ones, tens, 
hundreds nad one thousand piece. 

They are to complete the worksheet provided using the blocks as needed. 
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COMPUTATION INBAbc TEN: BACKGROUND INFORMATION 



Children should have had previous eKperience with oral rehearsal of 

multiplication facts for small numbers less than ten such as 

7x8 = ?. They should also have had experience with responding to open 

sentence stimuli like 9x6 = and = 4x7 for these same numbers. 

The idea that multiplying by the tens place so as to change each place value 
digit to count the next larger group size should also have been well 
developed and the children should have had oral practice and written 
practice with stimuli like 13x 10, 24x10, etc. They also should have 
immediate response knowledge of the effect of multiplying by the hundreds 
lace on which group sizes the digits in the positional notation 
representation are counting, i.e., 100 x 7 = 700, 100 x 14 = 1400. Such 
knowledge is prerequisite to using multiplication in a place value system. 
The "basic facts" of place value multiplication must be done with 
understanding. These ere before regrouping. 

Counters x Counters = Counters 
Ones X Base = Base 
Base X Base - Base Squared 
Base X (Base)2 = Base Cubed, etc. 

In base ten these translate into seven x three = twenty-one 
three r 21 (after regrouping). 

10x7 = 70(7 tens) 

30 X 20 = 600 (6 hundreds where hundred = (ten)2 
20 X 400 = 8000 (8 thousands where thousand = (ten)3 

Give some oral review of ten times various one and two digit numbers and 
one hundred times these. Then try 20 times 30. Remind students that these 
products have 2 Important features - the counter multiplication is like that 
with small numbers and the place value group "size increase " feature 
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LEVEL FOUR 



COMPUTATION IN BASE TEN 

Background: Paper end pencil proficiency with the arithmetic algorithms 
for computation is not a high priority. Calculators and computers are used 
for computation. The only place students will see incomplete computation 
forms to fill in is on standardized tests or in workbooks. However, it is 
important for students to understand what algorithms are, how they work 
and how to design algorithms. 

Students will have had an introduction to use of the rectangle model to 
perform base ten multiplication and division. This set of lessons will 
review that and expand on it. 

LESSON ONE: Multiplication 

Introduction: This is to review the area model for multiplication. 

Put an overhead transparency rectangle with dimensions so it can be filled 
with base ten ones: 



Use a piece of centimeter graph paper over this rectangle to simulate the 
base ten ones. Have the children calculate the number of these 'ONES' in the 
rectangle: 
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Do a second rectangle in the same way. Answer all questions. Remind 
children the length and width of the rectangle represent the numbers being 
multiplied (FACTORS) and the area represents the result (PRODUCT). 

Activit y: Pass out the worksheets for children to work on in pairs. 

LESSON TWO: hultiolication 

Introduction: Use overhead transparency base ten blocks. Children should 
have base ten hundreds, tens and ones to follow what you demonstrate. 

Put multiplication on the chalkboard: 16x13 

Remind the students that these can be thought of as the length and width of 
a rectangle. Array the blocks as; 
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r 



Have a student come up to the overhead and place the blocks (with help, if 
needed). The result should be. 



3 i 1 I It I I 



"How many hundreds pieces?" (1) 

"How many tens pieces?" (9) 

"Can we make another hundreds piece*?' 



'How manu ones do we have?' 
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"What do you gel when you multiply tens by another ten?" by 6 ones?" 

"What are the four partial products?" 

List the origins. 

1. tens X tens 
2 tens X ones 

3. ones x tens 

4. ones x ones 

Keep asking related questions until it is clear the process has been 
reviewed with them. 

LESSON THREE 

Introduction: This lesson is to simulate work with base ten pieces by using 
graph paper. Explain that the rectangles on graph paper are like those nnede 
with base ten pieces The graph paper squares are ONES. 

Put the graph paper transparency on the overhead; 

12 
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Write in the numbers to show the four partial products 



10 ♦ 2 



to 



3 
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Remind the children that 10 x 10 gives the hundred 10 k 2 gives 20. 3x10 
gives 30 and 3 x 2 gives 6. Adding these gives 156 - the product. 

Do a second as shown: 
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Point out the 20 k 10 = 200 

20 X 7 = 140 
6 K 10 = 60 
6x7= 42 

The total is 442 

Activity: Give pairs of students graph paper, multiplication problems and 
recording sheets Have the children record partial products as: 



o 1C4 
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A 


B 


C 


D 



LESSON FOUR Expanded forms in nultiplication 

introduction: Children must realize that multiplication can be expressed in 
nnany ways. Expanded notation emphasizes place value ideas. 

Place the following on the overhead projector 



"What multiplication does this show?" (\A x 13) 

"How can we write this multiplication'? Write as suggested or else write to 
6dd to suggestions, 

14 13x 14 

"How is fourteen expressed in tens and ones'?" 

"How IS thirteen expressed in tens and ones"" Write. 




tO + 4 13x 14 = (10 + 3)(10 + 4) 
10^3 



"What Is ten times ten*?" 
Write: 

14= 10 + 4 13x 14 = (10 + 3)(10 + 4)= 100 
Kl3 z 10 + 3 
100 

"What is times times four?" Add to what is written: 

14= 10*4 (13 K 14 = (10 + 3) (10 + 4)= 100 + 40 
Ml3 = 10+3 

100 + 40 
30 

"What is three times four*^" Add 

14 r . 4 (13x 14 = (10 + 3) (10 + 4) =100 + 40 + 30 +12 
X 1 3 = 10 + 3 
100 + 40 

30 + 12 

"Add up the totals" 

162 152 

Do 8 second similar problem 

Activit y: Have pairs of children use the problem sheets that require the 
writing of an expanded form. 

Keep emphasizing the partial products with 2 digit muUiphers 

Tens X Tens Tens x Ones 
Ones X Tens Ones >; Ones 

LhSSON FIVh: ExDsnded Form Abstracted 

Introduction When children understand (1) expanded form and (2) the 
original of partial products, introduce using "T" to show TEN, "T^'" to show 
HUNDRED and "0" to show ONES Write the following; 



o 
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I 



13 = 10 + 3 
X 12 = ]0*2 

"Since TEN begins with T, we'll use the letter T to show TENS. How would 
we write this with T?" 

13 = 10*3 =T ^ 3 
xl2 = 10*2=T + 2 

"When we multiply TEN times TEN, we get one HUNDRED. What shape is a 
base ten HUNDRED piece?" 



'What are the sides of this square?" 
TandT 

"Since the HUNDRED is TENS x TENS, we can write T x T. A short way to 
show two equal multiphers is using t2 This shows T is a multiplier twice. 

"How would we show 3 used as a multiplier twice?" 



Write 32 



Complete the forms: 



10 + 3 
to + 2 



T + 3 

T + 3 



100 + 30 
(0 (3) 



T2oT 
(2) 



"Now we'll multiply by the 2." 



10 + 3 
10 + 2 



T + 3 
T + 2 



100 + 30 
20 + 6 



T2 + 3T 
2T + 6 
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"And add them" 



10+3 T * 3 

\0^2 1*2 

100^30 T2 + 3T 
20-^ 6 2T•^ 6 

100 + 50 + 6 T2 + 5T+ 6 

We could write this horizontally as 
(T + 2) (T ♦ 3) = T2 ♦ 3T + 2T + 6 
= T2 4 5T + 6 

In doing muUiplications, try writing them as many different wrays as you 
can. 

Activity: Have children go beck over their multiplication worksheets and 
write each one in (1) expanded form and (2) abstracted by representing TEN 
by T. Keep reminding them of partial products and tne relationships (before 
trading) 

ONES X ONES ► ONES 

ONES X TENS TENS (the ones count the tens) 

► 

TENS X ONES >«- TENS (ssme here) 

TENS X TENS HUNDREDS 

Multiplying by TENS always make the digits count the next larger group size 
is the basic idea to keep emphasizing 



LESSON SIX: Multiplication Standard Form 

introduction: Use base ten blocks on the overhead projector. Arrange the 
following; 



ERIC 



9^- A»> 



iT-m □ □ □ 
1 1 M 1 n M M □ □ 



25 
X 13 



I I 1 H { H I M □ □ □ 

Point to the lower ten: "What is the result of multiplying this ten times the 
other two tens?" (2 hundreds) Rearrange; 

' m N n M t □ □ □ 25 
i m i 1 m M O □ * 



lit I i i I I M I □ □ □ 



200 



"What is the result of multiplying the ten times the 5 ones?" (5 tens) 
Rearrange: 



t N M n M n □ □ □ 
1 1 1 I N { M M O □ 

I I i i M I I III □ □ □ 



25 
X 13 
200 
50 



"What is the result of multiDlying 3 ones limes the 2 tens'?" (6 tens) 
Rearrange: 

H M M I N M □ 0 □ 25 
» I i I n i n It □ □ X ^3 



» t i m i M n □ □ □ 



200 
50 
60 



— 




















— 





















"What is the result of multiplying the 3 ones times the 5 ones?" (15 ones) 
Rearrange: 
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N H n 1 1 1 1 1 
i m I n M 1 1 



□ □ □ 
□ □ 



t M 1 1 M M M □ □ □ 



Lj U 



"What regrouping must we do?" 
hundred)" Rearrange: 



I H M Wrm □ DO 
N I I N M { n G □ 

n ! I i i i M H □ □ □ 



25 
X 13 
200 
50 
60 
15 



□ □ D □ □ 

□ □ □ □ □ 

□ □ □ □ □ 

( 1 0 oner for a ten and ten tens for a 

25 
X 13 



200 * 100 
10 ♦ 10 
5 



□ □ □ □ 

o 



325 



325 



Do 8 second problem. Ennphasize the result of multiplying by tens and ones. 
Activity: Have children use base ten blocks to do the appropriate worksheet 
LESSON SEVEN: Hundreds 

introduction: After develoning understanding of «^e hundreds place, the 
grouping of tens into hundreds, the decomposing of hundreds into tens in 
numeration activities, this place can be Introduced into computation. 

Using base ten Dlocks, build a stack of hundreds pieces, ten units high 
Place the ten rod along the edge of the stack: 
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The TENS place limes the HUNDREDS place give the THOUSANDS place - 
Remember that the TENS place as a muliplier mekes each digit count the 
next larger group. 

Write; 231 
X 14 

Point to the 1 in 14. 

"What place is this?" (TENS) 

Point to the 2 in 231 

"What place is this?" (Hundreds) 

"What place results ^rom multiplying the tens x hundreds?" (Thousands) 

"What is 1 K 2?" 

"2 WHAT?" (Thousands) 

Point to the 3 m 231 

'What place is thiF?" (Tens) 

"What IS the result of multiplying tens x tens?" (hundreds) 
"What is 1 X 3?" 



"3 WHAT?" (hundreds) 

""Multiplying is using the number facts. You MUST know WHAT the result is. 
Wnte 8s expended form: 

231 =200+ 30-^ 1 

Ten times 2 hundred is 2 WHAT?" (2 THOUSANDS) 

"1 ten times 3 tens is 3 WHAT?" (3 hundreds) 

"1 ten times 1 one is 1 WHAT?" (1 ten) 

"4 ones times 2 hundred is 8 WHAT?" (6 hundreds) 

"4 ones times 3 tens is 12 WHAT?" (12 tens) 

"12 tens is 1 hundred plus 2 tens" 

"4 ones times 1 one is 4 VHAT?" (4 ones) 

Write all products: 231 = 200 + 30+1 

X 14 10 + 4 

2000 + 300 +10 

800 + 100 + 20 + 4 

2000+ 12(100) + 30 + 4 

"12 hundred is WHAT?" 

Write: 2000 + 1000 + 200 + 30 + 4 = 3234 

Do a second example in expanded form to emphasize the products coming 
from multiplying places 

LESSON TEN: Larger Rectan gles 

Introduction: On the overhead, write 131 x 23; "How long is the rectangle?" 
"How wide is the rectangle?" 

Put the following transparency on the overhead Emphasize that this is HOT 
the same size as base ten blocks: 



o 
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30 1 



20 



3 | 

Write in products. 



100 30 1 



3 



2000 


600 




' soo i 


-90-1 





There are S!K partial products: 

TENS X HUNDREDS ONES x HUNDREDS 
TENS X TENS ONES X TENS 

TENS X ONES ONEX x ONES" 

Point to each of these on the diagram. 

Add these together: 

2000 
600 
20 
300 
90 

3013 is the products 
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Do a second example that emphasizes the place value characteristics of this 
process. 

Activity^ Have pairs of children work together on the worksheets that give 
practice with this process 

LESSON ELEVEN: Division 

Back g round: This is a review lesson to remind children of the rectangle 
model for division as developed in Level Three. 

Introduction: Use tiles on the overhead projector Children should have 
some inch square tiles like ceramic floor tiles to follow what you do. 

□ ° ° ° 

□ □ 

□ □ 

□ r-. □ 

n D 

Randomly place sixteen tiles on the overhead: lj li 
"How many rows of tiles can I make*;^" (8) Rearrange tiles 



Write 

8 



2 |16 

and 16—2 = 8 

This is how we show this division." 

How many rows of i^- can I make'?" (5 with one left over ) Rearrange tiles. 
□ 



5 R 1 



We write .his as ' 

"The R stands for the remainder - what is left that is loo small to make 
another 3.'" 




"How many rows of fours can we make?" (4) 
Raarrange tiles; 



"Notice we get a square - 4 on each side. 



Write; 



4 16 16 —4 = 4 



"How many rows of 5 can we gel?" (3 with a remainder) Rearrange the 
tiles; 



□ 



'How do we write this?" 

3R 1 

Write 5 '~ 



16 6^5 = 3 R 1 



"How many rows of six can we make?" (2 with a remainder) Rearrange 
tiles: 

1 □ □ □ □ 













1 












1 



2 R 4 



16 



afid 16 —6 = 2 R 4 



"How is this written?" Write; 
"How long would rows have to be to get no remainder*/" (2, 4 or 8) 
"16 is EVENLY divided by 2, 4 or 6. Other divisors give a remainder" 
Place fourteen tiles on the overhead 

"Divide these Oy 2, 3, 4 5 on up to 7. Write the computation form and the 
number sentences on your form 



LESSON TWELVE: 



Introduction: This is a rp' iew of the introduction to division in previous 
levels. Use the overhead projector with a graph paper transparency as 
shown; 











6 






































24 




B = 


□ 





















































































































































"SIK is the divisor and one side of the rectangle. Twenty-four must be the 
area of the rectangle and we need to know the other side. How long should 
the other side be so the area is twenty-four?" 

When the class has agreed it is to be FOUR, draw the line in and complete 
the diagram as shown: 



1:6 











6 










































6 = 


□ 





















































































































































Do 6 second end as meny additionel examples as needed lo get the children 
ready to practice on the worksheet 

Activitu: Have the pairs of children work together to complete the 
worksheet. Monitor the work to see the second sides are being determined 
correctly. 

LESSON THIRTEEN: Division 

Introduction: Use base ten blocks for the overhead projector Children 
should have base ten blocks to follow v^^ith. Place the following on the 
overhead projector 
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"I want to divide this by 3. How wide should the rectangle be*^" (3) 
Rearrange: 



Write: 33 — 3=11 and 



It 



33 



nj2 

Point out ( 1) there is no remainder, and (2) no trading of TENS for ONES was 
necessary. 

"Build the largest rectangle you can with one side of 2 units." 
"Did you have to trade a TEN for ONES?" 
"Did you get a remainder?" 



Arrange as: 



□ 



WritP: 33 



2 = 16 R 1 and 



16 R 1 



33 



Point out the division m the computation form and the number sei^tence is 
the given side of the rectangle 

Put the following on the overhead projector: 
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"Whet is the given side of the rectangle?" (4) Arrange the four tens as 
shown: 

:::: □ □ 
:::: □□ 
:::: □ □ 
:::: □ 

"We have used four tens or 40 
10 

4 I 49 
- 40 
9 

"How many of the ones can fit into a rectangle?" (6) Rearrange (2 ones with 
each ten): 

r-r-r^ 2 

-H-j-j to 

III: ^ I 49 

---- - 40 (tens used) 

:::: ^ 

I I 1 1 - 8 (ones used) 

1 [ I i ^ 1 (Remainder) 



so: 49 — r-4 = 12 R1 

Activity^ Pairs of children should use base ten blocks to make rectangles 
to solve the division exanr^ples 

LESSON FOURTEEN: Division 

Introduction: Use overhead transparency base ten blocks. Children should 
have base ten blocks to follow, in this lesson the emphasis is on division by 



113 



ten "shifting" digits to counting the next smaller group size This is the 
inverse of multiplication by ten. Give the example; 

17x 10= 170 end 170^ 10= 17 



Arrange the following on the overhead projector on a transparency of the 
workmat: 



□ 



□ 



□ 



Wrtie: 43 



Put a ten to show one side; 



□ 



□ 



O 



43 



10 



10 



43 



"How should I arrange the pieces to make a rectangle with this side? 
Rearrange: 
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150 



□ 

□ □ 



43 



10 = 4 R 3 



4R 3 



43 
40 



"How long is this other side?" (4) 

"Is there enough to make the rectangle one unit longer on that side'?" (No) 
"How many more ones would be needed? " (7) 
Do a second example of division dy ten. 

Activity: Pairs of students should use the base ten pieces and worKmats to 
complete tht worksheets. 

LESSON FiFTEEN: Gra ph Pa pgr 

Introduction: This lesson extends graph paper simulation of base ten blocks 
to the use of graph paper and division by the base-ten. On the overhead 
projector, use a graph paper transparency to illustrate this: 
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10 
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"Where should we put the line when we want the largest rectangle and have 
54 of the units?" (5) 



Draw the line. 



10 



5 



"How nrjany of the 54 did we use?" (50) 



"Are there enough ones to make another row of ten?" No 

5 R 4 



Write: iO 



54 

-50 



and 54 — 10 = 5 R 4 
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"Notice the 5 now counts ont^s instead of tens. Dividing by ten shifts each 
digit one place to the right because the next smaller group size is being 
counted. TENS TENS = ONES. 

Do a second example of dividing by ten. 

Activity: Give pairs of children the graph paper worksheets and recording 
fonns to do. See that the computation forms and number sentences are 
completed correctly. 

LESSON SIXTEEN: Two Digit Divisors 

Background: With the availability of calculators, there is no good reason to 
develop division in base ten beyond 2 digit divisors. This lesson introduces 
this and is followed by the same topic using different models. 

Introduction: Use base ten pieces on the overhead. Children should have 
base ten pieces, the division workmat and the recording forms. Put the 
following on the overhead projector 



• 




□ 






□ □ o 
1 " ° 

1 


i i 1 M n 1 1 1 i 







"What number is to be divided?" (73) 



"What number is the divisor?" (11) 

"Arrange the materials into as much of a rectangle as you can " 
Wait and put this up 
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□ □ □ 



□ 



□ □ □ 



'We could use 3 lens end 3 ones. 



"Whel must we do now that all of the ONES are used?" 



If no one suggests it, you suggest trading one TEN for some ONES. Rearrange 
as: 



□□□□□□ 



□ 



□ □ 

□ □ 



□ □ □ 



t > t 11 { < 



'Are there enough units to make the rectangle larger*? 
'How many units did we use?" (66) 



'How meny are left over?" (7) 



6R7 

Write; n j 73 and 73 - 11 = 6 R 7 

Do a second example with a different divisor, e.g. 73 - 12. 

Repeat until children see the need to trade to get enough ONES to make the 

rectangle as large as possible 

Activit tj: Give pairs of children base ten blocks, workmats and the 
worksheets. Monitor the work to watch for (1) trades as needed, and (2) use 
of the remainder and (3) writing of correct number sentences and 
computation forms 

LESSON SEVENTEEN: Graoh Paper 

Introduction: This lesson involves use of graph paper to find the second side 
of rectangles from a given number of units and with one given side. It 
extends this to 2 digit ivisors. Use overhead transparency graph paper 
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"We have eighty-four units to use and one side is twelve Where should I 
draw the line to make the largest possible rectangle?" 

Discuss the responses. Some children may be willing to see what a side of 5 
used first. Others may want 6 or 7 If someone suggests 8, point out that 
this would require more than is available. Eventually get to: 
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"How many squares are used with a side of 7?" (84) 
"Are there any left?" 

_7 

Write: 84- 17 = 7 and 121 84 

84 
0 



wn divide the eighty-four by thirteen. 
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"How long a side can we make this time? Why must u be shorter than 
before when we divided by twelve?" Put the line in. 
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"Are the six left enough to make the side longer?" 
'We have a remainder.' (Circle the remainder) 

6R6 

Write: 84- 13 = 6R* 13164 

-78 
6 remainder 

Activit y: Give pairs of students the graph paper problems and the recording 
forms. 

LESSON EIGHTEEN: Unmarked Rectan gles 

In troduction: Put a prepared rectangle on the overhead. Tell the children it 
is not as large as it would be made from base ten blocks or ot^ graph paper 

13 



"We want the rectangle to have an area of 156. What must the otiier side 
be? Let's put lines in to show the tens and ones," 



"We want the rectangle to have an area of 156. What must the other side 
be? Let s put lines in to show the tens and ones." 

13 

to 3 



"How much would we use if we made a line at ten?' 



10 3 



10 



100 


30 







"We used 130 of the 156. How many are leff?" (26) 
"How much longer can we make the side?' 




158 



Complete Ihe diagram and show all 156 are used 



10 3 



10 





30 


20 


6 



Write; 2 
LO 

131 156 156- 13 = 12 

- 130 
26 

- 26 
0 

There is no renr^ainder " 
Do a second example; 



1C9 



11 



area = 70 



i., 



50 



70 
- 55 
15 



'We can extend one more to make the side 6": 



10 



11 



60 



70 
66 



Write: 



6 R 4 

11 I 70 70 - 11 r 6 P 4 
-66 
4 remainder 

Activity, Have children work in pairs on the worksheets provided 
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LESSON NINETEEN: Division b u Places 



Introduction This is to eniphasize the place value properties 

HUNDREDS - TENS = TENS . ^ * 

HUNDREDS - ONES = HUNDREDS 

TENS - TENS = ONES 

TENS - ONES = TENS 

THOUSANDS - HUNDREDS = TENS 

THOUSANDS - TENS = HUNDREDS 

THOUSANDS - ONES = THOUSANDS 

Write on the board: 



100 
200 
200 



10= 10 
10 = 20 
20= 10 



Remind the children that this is: 

1 HUNDRED M TEN = 1 - 1 = 1 TEN 

2 HUNDREDS - 1 TEN = 2 - 1 = 2 TEN 
2 HUNDREDS - 2 TENS = 2 - 2 = 1 TEN 

Similarly: 

600 - 30 = 6 ^ 3 = 2 WHAT? 

2 TENS = 20 
800 - 20 = 8 - 2 = 4 WHAT? 

4 TENS = 40 

Give oral drill on: 

^'hundreds ^ ^i^tens 

,ythousands ^ ytens or ^hundreds, etc 
Examples: 



"200 divided by 20?" 
"600 divided by 30?" 
"500 divided by 30?" 
"2000 divided by 200'?" 
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Follow UP Activity . Give children 9 speed drill on sight reading division by 
decades and hundreds. 



LESSON TWENTY: Hundreds Division 



tntroduction: This lesson will relate the standard division form to the 
rectangle nnodel. Use an overhead transparency form and base ten materials 



Put these on the overhead projector 



D 



QD 



D □ 
□ □ 



"One hundred twenty four is to be divided by ten in steps - the largest place 
in the DIVIDEND by the largest place in the DIVISOR first." 

"One hundred divided by TEN is what place? How many'?"* 

CZ3 



D 



□ □ 

□ □ 



"We divide the next place by TEN Two TENS divided by TEN gives what 

place? How many?" 

CZD □ □ 



0 



□ □ 

□ □ 



"Can we divide four ONES by TEN?" .So four is a REMAINDER We write: 
12 R4 
101 124 

- 100 
24 

- 20 

4 Remainder 



Replace the j 



by the division workmat transparency 



0 



"One side is TEN. The rectangle is to be made of the hundred, lens and ones. 
How should we arrange these to make a rectangle?" 



• 


1 1 □ n 


D 












□ □ 

□ □ 



"We could fit only the hundred and the two tens. The other side TWELVE 
and the four ones are a remainder " 

This is the same result as we got earlier" 

Do a second example of dividing by the base place. 



1S3 



DD 



I 

u 



□ □ 

□ □ 
□ 



225 - 20 



"How do we arrange the base ten pieces so the rectangle has a side this 
long?" 



• 



D 
D 



I 1 



□ 



0 
0 



The five ONES are a remainder" So: 225 - 20 r ii R 5 
Put these base ten pieces in the computation form- 



DO 



DO 



□ □ 

o □ 
o 



"What is Two HUNDREDS divided by two TENS';**' (ONE TEN) 
Two divided by two is one - and it is TENS."' 
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1S4 



DD 



□ □ □ 

□ □ □ 



'What place is TWO TENS divided by two TENS? How many?' 



3 □ 



□ □ □ 
U □ □ 



"Can we divide the ones by tens? - so the five ONES are a remainder " 



Write: 

\0_- 1 1 R 5 

21225 
-200 
25 
-20 
5 remainder 



Do as many examples as needed. Keep reminding children that. 

HUNDREDS - TENS = TENS 
TENS - TENS = ONES 

ONES TENS = Parts so we have a remainder 



This is not easy, so go slowly and repeat as needed. 

Activity . Have pairs of children use base ten blocks, the division work mat 
and the recording forms - monitor carefully. 



LESSON TWENTV-QNE: Two Di gits 



introduction. This lesson extends division of numbers with hundreds to two 
digit divisors using the rectangle model. Put the following on the overhead 
Have children follow you by arranging base ten pieces on their workmats: 



D 

□ 
□ 



DDOO 



□ □□DD 



"How should these be rearranged to make a rectangle?' 



□ 



CZD □ □ 
CIZl □ □ 



"Can we use the ren^aining unit anywhere to make the rectangle larger?" Put 
In the missing side: 



0 

B 



□ 
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Write. 145- 12= 12 R 1 and 
12 

121 145 or 12 R 1 

-144 

1 Remainder 

Relate this to the computation form: 

Hundreds Tens Ones 



121 1 4 5 

- 1 0 0 (used in the HUNDRED'S piece) 



4 5 

- 2 0 (used in the lower two tens to 

extend the rectangle to the length 
needed) 

2 5 

- 2 0 (used in the two tens to extend 

rectangle nnissing side as far as 
possible) 

5 

4 (used to fill in the corner of the 

. rectangle) 

1 Remainder 

Do other examples as needed 

Activity. Have pairs of children use base ten oieces; division work mats to 
complete the recording forms. Carefully monitor the activity. 



f 
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LESSON TWENTV-TWO: Graph Paper Division ) 
introduction: Put the following on the overhead projector. 





1 














fin 








s 
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1 





























"We have one hundred forty-eight units available to make a rectangle with 
this side. What is a good estimate of how long the other side should be?" 

"How many squares will this use up? Put the line in; 
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is there enough left to extend the side nne more unit?" 
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Put in the second line. Write on the board: 148 

-130 (used first) 
18 

- 13 (used next) 
5 remainder 

"What are the five units remaining?* So 

Write: 148- 13= 11 R5 

and 10 = 1 1 R 5 
131 146 

- 130 
18 

- 13 
5 

Do a second rectangle, or use the divisor but a larger number of units 
available. 

Activit y; Give pairs of children the worksheets and graph paper and have 
them record the results of making rectangles on graph paper. 

LESSON TWENTY- THREE: Rectangles 

Introduction: When children have a good mastery of the rectangle model for 
division using graph paper and base ten blocks, they can use a more abstract 
model. 

On the overhead projector write: 206^ 13. 

"What is the length of the rectangle we need?" 

"How much is available for the area of this rectangle?"' 



Draw: 
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208 availskle 



"What side can we try for the rectangle?" 

'An easy way is to mentally estimate this side as 200 ^ 10. 



Draw the line in: 



10 



20 



200 



"How much IS used by 20 k 10?" (200) 
"How much is used by 20 x 3?" (60) 
"Do we have 260?" (NO) 
'How should we readjust the line'?"* 
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10 3 



10 



100 


30 


50 


15 







"How much does this use?" ( 1 95) 

"Do we have 1 95?" 

"How much is left now?" (13) 

"We can make the side 16 and use all of these. 



10 3 



100 


30 


60 


IB 







How would we show this on the computet. on form'? 
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Hundreds Tens Ones 

6 

101 r 16 



13 



- 1 



8 
0 



7 



8 

0 (comes out even) 



Do a second example. 194 ^ 11 

"How long is the given side?" 

"How much is available for the area?" 



Put on the overhead: 
11 

10 1 




194 



Try ten first. Why would 20 be too much?" (We don't have 200i) 



to 



100 


10 







194 



How much does this use'?" 



194 
-110 
84 



"How much more should we extend the side'?" 

Discuss how to estimate this in steps. "Well go 5 more to be safe " 



10 



100 

■ ■ 


10 
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10 



10 



too 


10 


194 
-110 






84 






50 


5 


- 55 






29 



"How much more can we go'?''" Complete the diagram: 



10 



100 



70 



10 



194 
-110 

- 77 



7 Repiainder 



"7 IS less than 1 1 so we have a remainder! 



Write: 194- 1 1 ::-17 R 7 



Activit u: Pass out the activity sheets and have students first fill in 
missing parts, then find missing sides, then draw rectangles to do the 
division. 



As you monitor the work, attend to the estimations of quotients. Encourage 
progression toward the quotient, based on what the children are confident 
will not require more than is available. 
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LESSON TWENTV-FOUR- Long Division Al gorithm 



introduction; Although the lone; division algorithm Is soon to go the way of 
the Model T Ford, textbook puMlshers and writers of standardized test 
items will continue to bedevil children with this. Change occurs slowly in 
education. 

Use overhead transparency base ten blocks and set up the following: Have 
children do the same with base ten blocks: 



"This shows 13 j 146 (write out) 

"In expanded form this v/ould be:" 

Write: 10 3 MOO 40 * 6 

"This IS what we have in base ten blocks " 

"What is ONE hundred divided by ONE ten?" Arrange: 
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"Now we see how much this uses. 



*ONE ten times ONE ten = ONE hundred 



Move tn e hund red to start a rectangle 
□ 

□ 

□ 



ODQD 



□ □ □ □ □ 
□ 



"ONE ten times THREEE ones gives THREE tens " Move these to extend the 
rectangle: 

° □ □ □ □ □ 



D 



□ 

□ 



D 



□ 



'What is ONE ten divided by ONE ten?" Arrange: 



(ZD □ 



D 



□ 
□ 
□ 



D 



o □ □ □ □ 

□ 



'How much have we used""' 



"ONE times ONE ten gives ONE ten. Move this: 



□ 



D 



□ 
□ 

o 



□ □ □ □ □ 
□ 



'ONE times THREE ones gives THREE ones " Rearrange and place m rectangle: 
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EZZl □ 



0 



O 

□ 
□ 



□ □ O 



"What Is the quotient?" (11) 
"What is the remainder?" (3) 
Write. 

1 

10 Quotient = 1 1 
131 146 

- 130 
16 

- 13 

3 Remainder 

"We can write this as; 146-l3=nR3 
Do a second example in the same way 
Activity Pairs. 

Give children base ten blocks and worksheets Observe to s^e if theu are 
following: 

1 Dividing largest place by largest place in divisor 
2. Multiply to see how much is used and remove this 

into the rectangle 
3 Divides next largest place by largest place in the 

divisor and repeat 2 
4. This should be followed until there is no remainder 

or the remainder is smaller than the divisor 

This process of repeating a sequence of steps is called an iterative process 
The only value in teaching this olgonthm is to qive experience Vt'ith an 
Iterative process. These are common. In LOGO/for example the REPEAT 
command accomplishes the repetition of a series of steps in long division 
the repetition of steps is on changing values We use the end result of the 
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last sequence of steps as the starting point to repeat the sequence. This 
generally considered as RECURSION - also a process with LOGO. 

LESSON TWENTV-FIVE: Horizontal Form 

introduction: Review horizontal form for addition. Put base ten pieces on 
the overhead; 



□ □□DO 
□ 



□ □ □ □ □ 

□ □ 



Can we make a ten of the ones*?^' 



"How many tens are there altogether?" 

"How many ones are there after making the ten'?'" 



We write this as; 36 + 47 = 83 



Put these on the overhead; 



□ □ □ 



□ □ 



'What is the first TEN times the second TEN'?" 



Put the HUKDREDS piece there 



□ DO 



□ □ 



"What is the first ten times the two ones'?" Put these there: 



□ □ □ 



□ □ 




"Now we multiply by the first ones, What is the result of multiplying 3 ones 
times the ten?" Put the 3 tens. 
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n □ □ 



n □ 



**Wh<^t is the result oi multiplying 3 ones times the 2 ones' 
Put the ones there also: 



□ □ □ 



n □ □ 



□ □ □ O □ 
□ 



"We write this as: 13 x 12 or (10 + 3) (10 + 2) 

"llultipli^ first by the left ten, then by the left ones: 

13x 12= 100 

13x 12= 100^20 

13x 12= 100 + 20 + 30 

13x 12= 100 + 20+30 + 6= 156 

Do several exf^mples like this with simple 2 digit factors. 

Activit y: Have pairs of children use base ten blocks to complete the 
worksheet. 



A LAST WORD ON COMPUTATiON: 

By the end of this level of schooling, children should have had enough 
experience with numeration, the computation algonthms in base ten and 
calculators to undP- stand place value and how algonthms are designed so as 
to make the most effective use of calculators and computers They should 
have proficiency with addition and subtraction and with 2 digit divisors and 
multipliers. They should be able to see how operations with whole numbers 
relate to operations with decimals. There is no need to develop p^per and 
pencil computational proficiency beyond the level indicfited in these lessons 
provided. 
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LEVEL FOUR 



OPEN SENTENCES 
LESSON ONE 

Introduct ion: Children can have concrete experiences with fincing missing 
values in open sentences that are non-numeric. Children should have 
cuisenaire rods to follow your wcrk at the overhead. Refer to the cuisenaire 
rod symbol chart in the room: 



w = 


: White 


R = 


Red 


G = 


Light Green 


P = 


Purple 


Y = 


Yellow 


D = 


Dark Green 


K = 


Black 


N = 


Brown 


E z 


Blue 


0 = 


Orange 



Put: Q ♦ R = K on the overhead or board. 

Tind the rod that goes in the box." Then arrange rods on the overhead 
(7 units) (7 units) 



K 1 . 


K 


R 




R 


V 



(2 units) 
Connplete the open sentence: 



V 



* R = K 



Point out how it is Mke finding missing numbers in number 
sentences likeQ + 8 = 12. 

Put a second sentence that uses the "~" sign or. the overhead or board. 
Example 



0 - 6 
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"Find the missing rod for this sentence 



Put the 



(10 units) 



0 



This missing rod is K. We write: 



rods; 



(3 units) 



0-G= E 



Give open sentences that have the missing element in different locations for 
children to solve: 



Activity : When children have had some experiences with several forms of 
open sentences, give pairs of children the worksheets and cuisenaire rods to 
use. 

LESSON TWO: 

introduction: This lesson introduces several of the SAME rod to complete a 
sentence. 



Write: 2 1 — i « R = 0 on the overhead or chalkboard. 

" 2 n means 2 of the SAME rod must be used." 

T1nc< 2 of the SAME rod that will make this sentence true." 

Arr^r. j rods: 



□ -6: 



= etc. 



P 



D 



(10 units) 



R I P f P 



(2 units) (4 units, 4 units) 



ICl 



"G was loo short and Y was too lonq, but 2 P rods fit the open space.' 



Write: 2 p ♦ R = 0 



0 ~ R = 2 P 

Go back to the rods and point out that this is the same as 



Again, have children solve several open sentences with the missing values 
in different places using cuisenaire rods: 

D ~ 2 Q = R 
0 = 2 []] ^ 

2 - R = D, are some examples. 

Activi ty. Have pairs of children do the worksheets, using cuisenaire rods. 
LESSON THREE 

Introduce use in the some way as 2 | [ and assign 

worksheets with 3 | [ open sentences upon connpletion of this. 
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LEVEL FOUR 



GEOMETRY 

LESSON ONE: Geoboards 

Work with geoboards can be coordinated with work on dot paper. Shapes 
nr^ade on the geoboard can be recorded on dot paper. Graph paper can also be 
used in connection with geoboard activity. Use an overhead projector 
version of a geoboard to introduce activities; 



— 




























y 





















This square is 3 units on each s de. What area is included in the square'?" 
(9) 

Talk about AREA as nr^easured by UNIT SQUARES on the geoboard. 
"V/hat is the distance around this square?" (12) 

Talk about PERIMETER as measured by LINEAR UNITS. Linear units are units 
of length that measure line segments. 

Have children build shapes on their geoboards 

"Build 8 triangle v^ith 4 SQUARE UNITS of AREA " 

"Can you fi.id the lengths of all of its sides using the UNITS of length on the 
geoboard?" 

"How did you know the area is 4?" 

"Build a rectangle with 4 SQUARE UNITS of area." 

"Can you find the lengths of its sides?" 
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"Is it possible to build q rectangle so you can't use the lines on the geoboard 
to find the lengths of its sides?" 

"What is the distance around a rectangle whose sides match the lines on the 
geoboard?" 

On the overhead, build a rectangle as shown. 





1 . 





















































"What is the area of the rectangle?" 

"How many triangles is the rectongle divided into?" 

"What is the area of each thangle? " 

Activit y; Give each pair of cnildren a geoboard, a worksheet and a piece of 
recording form material Monitor the work carefully. 

LESSON TWO; 

Introduction; In this lesson, symmetry nn the geoboard is emphasized 
On the overhead projector, place the following geoboard display; 





* i- i- — ^ 






t — — i 


, 1 ]/. 


— ^ 


» « 


> j^~4 






1 




t — « 








k ^ 

F « 


! 

: J 


\ « 


i — 






^ i 
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shall build a shape on one side of this line/ 



— 1 


t 


\ 1 






— i 


> « 


^ i 




1 -J 


• 


\ 

i — 4 


» 4 




\ ^ 

jt! 4 


1 u 




i 

f 
1 
















i 

> 




1 ' 



Think of the line as a mirror. 

"Would someone put a shape on the other side of the line so it is a 'mirror 
image" of the first." 



If no one can do this, pass out sheets (8 1/2 x 1 1) of white paper 



'Fold your paper corner to corner" (demonstrate) 




tJse a dark color crayon to make a shape on one side of the line: 
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Fold the sheet. Trace the shape you see through the paper. 




Unfold your sheet and trace that shape on the other side of the line from the 
first shape you made 




The second shape is a "mirror image" of the first 

Now go back to the cjeoboard and have a "mirror image" shape made 
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Do two or three of these on the geoboard. Point out how points on the shape 
seem as far from the line on both sides of the line: 




Activit y: Give pairs of children geoboards snd recording forms. Keep 
reminding them as they work that points must be the same distance from 
the line on one side as on the other. 

LESSON THREE: Tangrams 1 

Introduction: Put the tangr3m square on the overhead protector. 
"This IS to bo ONE unit of area." 

"What is the area of each of the six uther tangram pieces?" 

"If I set the area of this square to be 1/3 square unit, what is the area of 
each of the other pieces?" 
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Activity: Use the worksheet with all shapes across the top and a chart to 
complete. Each pair of children should have a set of tangrams and individual 
copies of the form to fill in. 

LESSON r OUR. Tangrems 2 

Introduction: This lesson involves finding the areas of larger shapes made 
from tangrams using two different "UNITS" to measure. 

On the overhead projector place a transparency of a shape that can be 
covered with tangrems. 



(An example, but reduced in size) 



"I shall use the area of the square as ONE JNIT." 
Cover the shape with tangrams. 

"Since the areas of all of the other tangrams can be found when I know the 
area of the square, i can find the area of this shape." 

"The area is eight UNITS." 

"Vou have several shapes to find the areas of using tangrams." 

Tirsl cover the shape with as many tangrams as needed Then fw^ the area 
of all of these tangrams using the area of the small square as one unit " 
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"Let the r a of the small triangle be one UNiT Now. what is the area of 
this shape?" 

"This area should now be sixteen UNITS since the triangle is one-half of the 
square." 

Activity: Assign pairs of children the worksheets. They are to use 
tangrams and the recording forms. Watch for the use of 1/2 for the small 
triangle when the square is I. They may have some trouble seeing this. Vuu 
may have to remind them there are sixteen of the small triangles 
represented in the tangram set 

LESSON FIVE. Tan grams :^ 

Introduction: This lesson will emphasize PERIMETER as the distance around 
a shape. 

Place one of the large triangles from the tangrams on the overhead 
projector Have a line on a transparency as shown; 
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Ley each side of the triangle in turn on the line marking the side as a 
segment on the line: 




The result will be as shown; 



T 



The resulting long secernent labelled ST is the perimeter of the shape This 
is the sum of the lengths of the sides of the shape. 

Do this again, using the tangram parallelogram. 

Activity; Give each pair of children a worksheet, recording forms, and a set 
of tangrams 

LESSON SIX GeoblQCks 

mtroduct Hold up the R5 and T9 blocks (see attached labels for the 24 
geoblocks attached.) 

"How are these alike?" 
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"How are these differenf?" 



Point to a face of one: 
"This is a face." 

"Are any faces oi one block like the faces of the other blocks?" 

"How do you think the amount of wood in one compares with the amount of 
wood of the other?" 

"How many of the TRIANGULAR blocks would be needed to make the other 
one7" 

Activit y; Put a set of geoblocks at a center. Prepare worksheets from 
sources available commercially, or use some that are attached. Give 
children an opportunity to explore a variety of topics using these. 

LESSON SEVEN; Tanqrams 4 

Introduction: This lesson is to give children experience with finding areas 
and perimeters of unusual shapes 

On the overhead, place a transparency of a shape made from langrams such 
as this: 




ici 



"How would we find the area of this shepe using; 

I 1 



as ONE?" 

After consideraliori of student rebponses, fit the tangrams on the shape; 




Emphasize the idea of the value of the triangle as 1/2 
"The area of this is 1 1/2 " 

"If a side of the square is a unit of length, we can find the PERIMETER of this 
shape." 




"We know the sides labelled, but have to ESTIMATE the last side. Is it more 
than one?" 




"It looks like a little less than 1 1/2. How many sides like this do we have? 
The perin^eter Is 1 + 1 + 3 + almost one or a little les^than b " 

Remind the children that area and perlmoter are measured In units that are 
chosen by us. It Is Important to compare things by using the same units, 
whatever they are. Some common units of length are Inches, feet, 
centimeters, meter. Area measures are squares with these lengths as sides. 
We have square Inches, square centimeters, square feet, etc 

"This is a square Inch " 
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"This is a square centimeter " 



Make these out of graph paper. Show how many square centimeters will fit 
on a square inch. 

Activit u: Give pairs of children the shape sheets, recording forms and 
tangrams. Monitor their work closely. 

LESSON EIGHT: Geoblocks Surface Area 



Introduction: Use an appropriate graph paper transparency. While the 
children watch, trace each face of a geoblock onto the graph paper. The 
SURFACE AREA is the sum of the areas of all exposed FACES of the solid: 




1S4 



This is the surface area of a T- 1 geoblock ~ 17 square units Each of these 
is 1/2 X 1/2 = 1/4 square inch, so the surfaces are ~ 4 1/4 square inches. 

This is the area that would have to be painted or covered if the block were 
to be painted or covered with fabric. 

At the geoblock center, provide the kind of graph paper appropriate for the 
geoblocks and have the children make layouts like that provided for all of 
the geoblocks at some time during the year. 

LESSON NINE: Pattern Blocks 

introduction: Children will have had considerable experience with pattern 
blocks. This lesson is to focus on the geometric properties of the blocks. 
Give the children one period of free play with the blocks to remind them of 
past lessons. 

On the overhead projector, place 3 of the pattern blocks in transparency 
form.: 



"How many different lengths are on the sides of these blocks?" (one) 
'Do the squcre and diamond shape have the same perimeter?" 

"How can you compare the areas of these?" 

"Which shape has the largest angle?" 

"Are any angles doubles or halves of any other angles?" 
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Put two shapes together: 




"This length (point to A) Is twice the length of the side of the triangle." 
Complete the shape: 




'This triangle has sides that are how nrjany times as long as the side of one 
smaller triangle'?*" 

"The area of this larger triangle is how many times the area of a smaller 
inangle?" 

Put a triangle on top of a diamond. 

"Are any of the angles of the triangle the sfime as some angle of the 
diamond"?" 

"Are ann of the angles of the diamond the same as any angles of the square? " 

"Which shape has the largest angle and the smallest angle on the same 
shape?" 
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Activity : Give pairs of children pattern blocks and the recording forms. As 
you monitor the work, keep referring to the angles on the shapes, the sides 
of the shapes and the areas of the shapes. 

lESSONTEN: Multilinks 

Introduction: This lesson is to give children more expenence with building 
rectangular solids to see the cubic units in them. Use multilinks (or 2 cm 
on edge), or wooden cubes 3/4" or r on edge. 



Put the transparency of a "floor" on the overhead: 



















1 









"Build a floor like this out of your multilinks " 

"How many multilinks did you use?" 

"How many will be needed for the second floor" 

"Build the second floor." 

"How many cubes have you used altogether?" 
"Build a third floor." 

"Without counting, tell how many cubes are m the "house"." 
"How many cubes would be m a four story house like this?" 

Activity, Gwe pairs of children multilinks or cubes that are even numbered 
centimeters on the edges. They should have copies of the "floors" and the 
recording form to use If they don't have enough multilinks to make the 
higher numbers of floors, have them use the information they have found to 
extend into these higher numbers 
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LEVEL FOUR 



COMPUTATION WITH MOWEV 

introduction: Review addition and subtraction with muRidigit 
representations. Be certain the openitions of "carrying" and "borrowing" are 
well in hand. Use base ten blocks witn those who still need thenn. 

Put the following on the overhead projector and work through it step-by- 
step, asking frequent questions of the children. 



Emphasize lining digits up in the hght place value "coluntns." Do as many 
exanriples as needed of both addition and subtraction. 

Activity: Have children do the worksheets. Watch for the "carrying" and 
"borrowing", particularly in going from the tens to the hundreds place. 
Remind the children of tne inverse nature of addition and subtraction and of 
use of one operation to check the results of the other. 

LESSON TWO 

introduction: This lesson is to cive children experience with the money 
forms. They need not understand decimals for this since what is to the 
right of the decimal point Is "cents" and to the left is "dollars." Do some 
examples of computation: 



432 
-221 
221 



Check 
211 

mi 

432 



234 
-197 



37 
♦ 197 
234 



$4.32 
* % 104 
$5.36 



$5.00 
$ 2.98 
$2.02 
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Emphasize: 

1. The use of the decimal point to separate dollars 
and cents; 

2. Use of the $ sign 

3. Correct "borrowing" 
Correct "carrying" 

4 Rounding to check neighborhood of answers. 

EKampie: $5.00 
- 2.98 

'$2.98 is almost $3.00 so the answer should be close to $2.00." Money is a 
good topic to emphasize rounding to estimate since so many prices end in 9 
or 8. 

A ctivity : Pass out the woricshatfts for children to work with. If you have 
"play money", allow the use of this for those who need it. 
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Background: if-then logic rests upon e foundation of recognizing 
similarities and differences, distinguishing between AND and OR and 
understanding how NOT separetes a collection into 2 parts. Students will 
have had some experience with classification, but these lessons place 
emphasis on the above. 

LESSON ONE: Similarities and Differences 

introduction: Vou can use logic blocks, ESS type attribute blocks or 
attribute blocks made from the template provided. Use an overhead 
transparency version of the template provided that has been made from 
colored film. 

Children should have a set of the logic blocks. The template can be used to 
make four different colors of the blocks. That gives you e set with 2 sizes, 
4 shapes and 3 colors - 24 in all. 



"Hold up a piece that differs from this in one way. (Large triangle of same 
color J^izeLgfna]] triangle of a different color i«»i»«'l, small square, rectangle 
or circle Ntepel) - 

Put the piece suggested THAT DOES DIFFER ONLY IN SIZE OR SHAPE OR COLOR 
alongside the original. Vou could yet any of these arrangements: 
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If A), ask for another piece that differs from that triangle in exactly one 

way. 

Continue until you have a line of 4 or 5 pieces, each differing from its 
neighbors in exactly one way. 

Activity: Have children work in pairs to arrange all of the 24 pieces in a 
circle so that each piece differs from its neighbors in EXACTLY ONE WAY. 

LESSON TWO: 

Just as in Lesson One, except each piece differs from the piece next to it in 
exactly TWO ways. 

LESSON THREE: 

Just as in Lesson One, except each piece differs from the piece next to it in 
exactly THREE ways. 

In each case have children record by drawing the arrangement of blocks, to 
size and colored correctly with crayons. They can arrange the blocks on a 
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large piece of while wrapping paper, trace them in place, then color the 
shapes as they ere. 

LESSON FOUR: And 

Introduct ion: AND indicates the joint presence of two or more properties, 
actions, etc. Children acquire a multiple classification schema slowly, but 
most should be at that stage of development at this level. This lesson 
emphasizes this idea. Children should have the attribute materials. 

Put e transparent attribute piece on the overhead projector: 



"Describe this using AND." (small and red end circle) 

"Do you ha 'e any red circles that are not small?" 

"Do you have any small pieces that are not red? not circle? 

"Do you hove any circles that are not red?" 

Place a small green circle on the overhead: 



"How can you describe both of these using AND?" (small and circle) 

"Why can t both pieces be included in a description with a specific color?" 

Place a transparent version of the workmat on the overhead witfi the closed 
curves labelled as shown: 





"An squares ore to be placed inside the loop labelled Q " 

Point to that loop end trace it with your finger. "All blue pieces ere to be 
placed inside the loop labelled BLUF." 

Trace that loop with your finger. "Where would the pieces that are blue AND 
square go?" 

Point to that region marked //// below, which is AND 



Square 




Put those pieces in that region: 
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Square 



Blue 




Activity : Workmets with two closed regions are provided. Use these to 
make larger, more permanent versions that can be laminated. Give pairs of 
children a workmet, a set of 24 pieces and the activity sheet. Use the 
template to moke additional worksheets like those furnished. 

LESSON FIVE: Not 

Introduction: NOT separates a collection into 2 groups - those that satisfy a 
requirement, possess a property, etc., and those that do not. Place single 
loop on the overtiead. Place ALL squares inside it. Place the rest of the 
pieces around the loop and outside it. 



others 



others 







B 






B 




B 






6 




G 




"How can we describe the pieces outside the loop using TWO words?" 

Several responses might come. Children could try describing those ou*side 
in detail, i.e., "triangles and circles and rectangles and small end red, etc." 



o 
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Reinforce the response: NOT SQUARE 

Discuss how NOT shows the absence of something. 

Put all green pieces inside the loop, the others ouiside end ask for 6 two 
word description of those outside. 

Repeat with oihiics, such as "smair, "0", etc., until children can use NOT 
easily to show the absence of the specified property. 

Activity : Give pairs of children wo.lcnets with a single loop, a set of 24 
attribute pieces and the recording fonn. Use the template to make additional 
worksheets like those furnished. 

LESSON SIX: AND With NOT 

Introduction: Using AND and NOT together presents a challenge to children. 
They have trouble seeing that NOT NOT (property) means HAVING the 
property so that NOT NOT SQUARE is SQUARE. This was presented in the NOT 
worksheets. Be sure that idea is clear before using this lesson. 

Use the transparent two loop worknf\at and the transparent attribute pieces. 
Label the two loops as shown. Label the regions A, B & C. 




"Where should I put the smell red triangib - in A, B or C?" 
"Where should I put the small red circle?" 

Continue this way until all pieces have been sorted. Go slowly enough to 
deal with any confusion about how the NOT CIRCLE label influences where 
pieces are placed. Keep discussing the placement of pieces because "it iS 
or it is NOT " Pay attention to those that go outside (D) 
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Do a second case &ul ask the children for pieces that go in A, then into B, 
then ^nto C, ihen outside BOTH loops (D). 



Activitu: Give pairs of children two loop worlcmats, a set of 24 attribute 
pieces, end the worksheets. Watch t: 3 sorting very carefully to be sure the 
kJT is being used correctly. Children WIlL have some problenr^s with this, 
but they noust be presented with the challenge. Use the template to make 
additional worksheets like those furnished. 

LESSON SEVEN: Extras for Experts 

Introduction: This lesson extends the idea of multiple classification to 
THREE requirements to be satisfied. This *^an be tried with the whole class 
by introducing it on the overhead projector as in previous lessons. It 
probably is better used with the more advanced students. Use the attached 
worksheets. 

LESSON EIGHT: IF-THEN 

Background: After children have mastered AND, NOT and a combination of 
AND with NOT, they should be familiar enough with the materials to be 
introduced to if-then reasoning. 

Introduction: Place a small collection of the attribute materials on the 
overhead projector 



"If a piece that I see is e triangle, what is its color?" 
"We can then say, 'If triangle, then red '" 

Write: 

If Triangle, then red. 

"If a piece that I see is green, what must the shape be?" 
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Cub 



Write: If green, then square. 

'What other if-then statements like these ere TRUE about the shapes on the 
overheats?" 

Write all of these down. 

If red, then triangle 
If triangle, then red 
If green, then square 
If square^ then green 

Put a box around one 



"What piece In our set can I put on the overhead so ONLY this statement will 
no longer be true?" (any non-green square). Put one up. 

"Which part - If or then - must be made false in order to make the whole 
statement false?" 

Remove the non-green square so the original collection is there. Highlight 
one of the other statements. 

"What piece in our set can I put on the overhead to make ONLY this statement 
FALSE?" 

Repeat this activity with different subsets of the 24 piece attribute set 
until children are adept at (I) finding statements true of the collection, and 
(2) finding a piece to negate one of the true statements as selected. 

Activity : Give pairs of children attribute materials, and the recording 
forms. As you monitor the work, keep asking how e true statement that is 
written might be negated by adding a piece to the collection used. 
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ACTIVITIES FOR LOGIC LESSONS 



Difference Activities: 



Have students pisce the blocks in lines In the following ways: 

<;^~ ^>M>- C ~^ C J Differs in One Way). 

^-j- r~ 'y^^ C ^ ^ij: C ]^ Differs in Two Ways) 



Have the students place the blocks in crosses 

ft 



--it 



ft 



"Tn" 



etc. 
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Have the stsidents place the blocks in arrays of rows and co!umns. 

R B B _ _ _ 

□ c:i:> c:i:> ci:> y " j" x 

T T T 

oc :>c ::>c ::> c :> c :> c 

T T T 

i * > 



L ci:> c:_:> c_::> 



Using WOT: 



Sort the pieces into a box or on a sheet 
e 




Put pieces in the right Parking places 



2C9 



RED 




\ \ 
\ 



Using AND. Nflt 

Use the six-celled workmat 



Place 5 pieces on ft, for example. 
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By sliding one block at a time into the nei ghborin g empty square, 
reverse the positions of: 

1- The Y and R circle*^, or 
2. The Y and R squares 




Two circles are in each box: 



\ 


\ 


\ 

\ 


\ 


\ 


B 1 


\ 







\ 



Which circles are in each box, if: 

1. None of the circles is in the box of its colors. 

2. There is no B circle on the R box. 

3. There is one Y circle and one G circle in either the B box or the 

R box. 

4. There is a B and a 6 circle in the V box. 

5. There is a Y circle in the B box. 



Guess Hy RuIr: 

Select 9 rule such as 'Change Size Only.' 

Put 8 barrier (piece of togboard up in front of the iablej Ask the 
students for a piece to go *in~ Output on the other side of the 
piece resulting from the rule. 

Do enough exansples until students can sucr/ ssfuUy predict which 
pieces will come out: Example: 




Other ideas can be found in Aiiriifute Sffmes e/id Activities, by 
Creative Pugblications, Attriifute Acroifstics, by Activity 
Resources. 
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LEVEL FOUR 



m mmm^y^ Pn?p?rty 



ckoround: Using the 'act the! rnuHlpHcotton distributes over addition 
end subtrectton hes elways given pi cbiems to Junior high school end high 
school students, it Is Important that this be introduced early to children. 

Introduction: Use colored chips on the overhead: 

••••••• 

••••••• 



"What are the dimensions of this array? "How many chips are In this array?' 
Write: 4 X 7 = 28. 

Separate the array into two parts: 

• • # mm mm 
mmm 

"Are there still just as many chips In these two arrays?" "What are the 
dimensions of the two arrays?" 

Write 4x3*4x4 = 28 

"Note that they must have ONE dimension the same." "We can add the two 
arrays to get the same number (28) as In the first array." 

Write: 4x 7 = 4(3 + 4) = 4x 3 + 4x 4 = 28 

The 7 has been rewritten as 3 ♦ 4, but the result is the same." 

"Here are two arrays." 
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"Can these be pushed together Into a single array?" "Why or why not?" 
"Consider these arrays." 

• • • • • • # 

• • ••••• 

• • • • • • • 

"Do these have ONE common dimension?" "How many chips in the first? in 
the second? 

Write: 4x2=8 4x5 = 28 
4(2 + 5) = 4x2 + 4x5 = 28 

"What are the dimensions of the single array when they are pushed 
together?" write: 4x7 =28 

Write: 3 (3) = 24 

How many ways can we write the 8?" 

3 (6 + 2) = 3x6*3x2 = 18*6=24 
3(7*1) = 3x7*3xt=21*3 = 24 
3 (3 + 5) = 3x3 + 3x5 = 9* 15 =24 
3(4*4) = 3x4*3x4=t2*12 =24 
3 (9 - 1) = 3 X 9 - 3 X 1 = 27 - 3 = 24 
3 (10 -2) = 3x 10-3x2 = 30-6 = 24 

Calculate each one. 

"Do this for 4 X 7 = 28 by writing the 7 in different ways.** Give the 
assignment sheet to pairs of students to work on. Give them bloclcs or chips 
to use if needed. 
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LEVEL FOUR 

RATIO 

LESSON ONE: Unifix Cubes 

IntrodMCtton: This lesson is a review of past activity. Children should have 
unifi« cubes of two different colors and a recording form. 

Use colored squares that are like unlftx cubes on the overhead projector 
along with a split board transparency. 

Designate one of your colors as "A" and the other as "B" 

"Chose an *A' color and a 'B' color for your unifix cubes." 

"Put a group of ONE A and another group of TWO B on the split board: 



A 


B 


□ 





"Record this on your fomn - one link of each color - one A end 2 B in the 
links." 

Make a second group of each kind and add to the first on the overhead: 



A 


B 


B 
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"Now we have TWO of each group. Vou have a link of TO ^ aeid FOUR B " 

"Could we get the groups back that we started with - TWO mcfi of ONE A and 
TWO B?" "If I make another group of each kind, how mm^ A will there be? 
how many B will there be?" 



A 


B 









































Children should have on the records; 
No. of Links A B 

1 1 2 

2 2 4 

3 3 6 

"Continue doing this until your recording form is cojnpl&ted.* 

Activity : Give pairs of children 40 unifix cubes of two diff erpnt colors and 
the recording form. Repeat the lesson by using a recordisig form requiring 
different ratios. 



LESSON TWO: Eoual Ratios - Unifi x 

Introduction: Put two colored chips or squares of color ^asnd three of color 
B on the overhead projector 




Write 2:3 on the board or projector. 

"We use this symbol to show the comparison of 2 to 3." 

Put a second set of 2A and 3B on the overhead projector. 



® 



® 
® 



^ ® 
® ® 
® ® 

"Although there are 4A s and 6B*s, there are still 2A s for each 3 B*s. 
Point to the two cases of 2:3. 

'Since these show the same comparison we write: 2:3 :: 4.6 
Put a third set of each on the overhead projector: 



® 
0 



® 



® ® 
® 
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0 ® 

® 

® ® 



"Now we have six A s and 9B's." 

This is three of the 2:3 comparisons collected together " 
"We can write this as: 3:3: :&:9 
Write that on the board. 

"We can also write - 4:6:: 6:9 since these both are nnultiples of the 2:3 
comparison. We could say that 4:6 and 6:9 belong to the 2:3 faniily." 

Activity: Give pairs of children unif ix cubes of 2 different colors - about 20 
of each - and the recording forms 

LESSON THREE: Cuisenaire Rods 

Introduction: Use transparency versions of cuisenaire rods. Children should 
have cuisenaire rods to use. 

Put the following cuisenaire rods on the overhead projector 



Place whites next to each as shown: 





w 








w 



w 




w 


6 


w 





Point out that the comparison of R:6 is 2W:3W or 2:3 and that G r \ t/2R or 
R = 2/3G. 
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Without removing these, put the foHowing rod errangement: 






W 








W 



W 




w 


G 


If 







W 






P 






W 




w 



w 
w 




w 




w 




w 




w 





Point out P D is 4W:6W or 4:6. Remind the children this comparison is in the 
2:3 family and that 4 = 2/3 of 6 or 6 = 1 1/2x4, so the longer is still I 1/2 
X the shorter. "What is the next pair of rods in this family of 23?" 

"D:E = 6W:9W or 6:9." Again point out 6 is 2/3 of 9 eno . . i 1/2x6. 

Activity: Pass out cuisenaire rods to pairs of children and have them work 
on the worksheet. 

LESSON FOUR: Using Ratios 

tnti uction: On the overhead projector, use colored chipe to represent the 
nfraterials. 

"In the Aeloian Club there were 2 men for every 3 women. In 1924, 8 men 
belonged. How many women bel jnged?" 

Put the following on the overheao projector: 



If 



This represents the comparison. How many of these must we put so there 
will be 8 men?" 

Put the four sets: 



o 
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"4 limes 2 F 8, so we need 4 limes Ihe 3. "There were Iwelve women." 

The number sentence is: 2:3 B: 

"6 is 4 times 2, so what is in the box must be 4 times 3." 

2:3 8: 12 

Do 8 second using a simple ratio comparison. 

Activity: Give pairs of children either unifix cubes, cuisenaire rods or 
colored chips to use to work the problems on the sheet. 
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RATIO PROBLEMS 

Pencils are 2 for a quarter. How many can I buy with 3 Quarters? 

John put 18 Dans of tomato juice on the grocery cart. The clerk 
rang this up as $6.00, saying, "That's 6 times the sale price." 
What wac the sale price of the tomatoes? 

The recycle center pays 7« for every lO aiuminum cans brought in. 
How much did Jerry get for his bag of 100 aluminum cans? 

The Consumer's Tipster said 2 of every 25 West Coast apples were 
shipped green. Karen found 6 green apples in a box of apples. How 
many apples were probably in the box? 

Giant Grocers sold melons at 2 for 89t. How much did Carol pay 
for 8 melons? 

Audio tapes were on sole at $6.67 for 3 tapes. How much should a 
clerk charge for 4 tapes? 

If guitar strings sell at 5 for $4.00, what should 10 guitar 
strings cost? 

Jane's doctor prescribed 4 tablets of an antiobiotic each 24 
hours. How many should the pharmacist put into a week's supply? 

Which Is a better buy - 99t for 16 oz. loaf of bread or $1.39 
for a 20 oz. loaf? 
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SIGNED NUMBERS 

Background: Children have sonne exposure to the Idea of betow zero through 
weather reports, going in the hole in terms of money, etc. These lessons 
hove children work with negative numbers to understand them. 

i^sm m i 

Use a split board on the overhead projector with 2 colors of chips: 





• • 

••• 


o o 









"Black represents positive and white represents negative. Is this more 
positive or negative?" 

'How much more negative is it?" 

"We write this as ~2 Rearrange as: 



00° 


• • 

• 

• • 


0° 


• • • 


••• 



"Is this more positive or negative?" 

"How much more positive is it?" 

"We write this as ♦4." 

L3ave that arrangement on the overhead. 

"How can we make tins arrangement more positive?" 
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Likely response - add positive. 

'Is there another way to have more black chips than white chips there?" 
Desired response: Subtract negative 

The two ways to make a number more positive are to add positive or to 
subtract negative." 

"HOW could we make the arrangement of chips show more negative?" Desired 
response: add negative or subtract positive 

Summarize as: 

More positive + positive ++2 

- negative -~2 
More negative ♦ negative ^^-2 

-positive - +2 

Activity: Pairs of children should have several chips of each of 2 colors a 
split board and the worksheets. 

LESSON TWO: Wore Positive 

IhtrQtlMCtiQn; This lesson is to emphasize how to make numbers more 
positive by (1) adding positive, and (2) subtracting negative 

Put a number on the overhead with chips on a split board: 



Positive 




• • 


o o 



"What number does this represent?" {*3) 
"What should 1 add to increase this to *5?) 
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Positive 


ttefetlve 


• 

• 

• 

• 

• 


0 O 



Point out how a black end a white cancel each other out so the 5 black chips 
show *5. 

Restore to *3 



Positive 




• 

• • 
• 

• 


0 0 



"What can I subtract to make this *5? ("2) 
Renfiove 2 whites: 



Positive 


iBfotive 


• 

• • 

• 

• 
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"The board will show *5 as long as there are 5 more black chips than white 
chips." 

"What arB some other ways to show ♦S?" 
Maice any suggested, e.g. 



Stscic 


White 


5 


0 


6 


i 


7 


2 


8 


5 


9 


4 


to 


5 


11 


6, etc. 



Write: ^3 ♦ +2 

This shows adding positive. Will the result be more positive? What is it?° 
Write: +3 - -2 

"This shows subtracting negative. Will the result be more positive? What 
is it?" 

Complete each: 

♦3 + *2 = -^5 
♦3 --2 = +5 
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Do this example: 



Positive 


Iterative 




0 




0 









Number shown? *4 
Want 

Adding positive -3 

Subtracting negative - not enough! 

How to change? - one more of each kind 

"As long as ♦ and - are added or subtracted in equal amounts, the number 
won't change." 
Show by: 



Positive 


Stefative 


• 


0 


# 
• 




• • 




• • 





Still shows - +4 
Remove 5 whites 
Desired *1 



Activity : Give pairs of children split boards, 2 colors of chips and the 
recording forms. Honitor the recreating of numbers so that enough negative 
is there to subtract from. This is just like "borrowing in subtraction" so 
that there are enough ones to be able to subtract. 
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LEVEL FOUR 



CALCULATORS 

Background: Calculators should be en instructional tool to help children 
learn basic mathenoatical concepts. U should free children fronn 
computation "drudgery" in problem solving so they can solve more realistic 
problems. It should NOT be used to check the results of paper-and-pencil 
computation. 

The class should have available a set of four function calculators that are 
alike. You should have an overhead projector calculator so you con show 
students how to use these, host calculators will use the SECOND number 
entered in an addition or subtraction as the repeater, so the = button can be 
used to add or subtract the same number repeatedly. Most also use the 
FIRST number entered as a factor as a repeated multiplication, while using 
the divisor entered in a division repeatedly when pushing = . 

Familiarize yourself with the calculator the children will use. Use either 
long-life or solar cell calculators. Also be sure the calculators have an 
automatic power shut off property. 

Introduction: A sample activity has been given for the many ways a 
calculator can be used to reinforce basic concepts. 

Skip Counting : Pick a starting number - enter Press ♦ and a second 
number to count by. Each time = is pressed, that much will be counted on. 

Example: 

KEV SEQUENCE: 2*5 = = = = = = r 

DISPLAY 2 7 12 17 22 27 32 37 42 

To count back. Start with a large number and - . Counting back far enough 
will give negative number entries. Some put the sign far to left to be 
ahead of any number, others put it behind the number. 
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Have children eslimete through rounding end piece value use the results of 
confiputations. Use the celculetor to do the computations. Make this a game 
by giving points for closest estimates. 



(Reducing this error is the goal) 

Using data: The World Almanac gives a wealth of data to use for problem 
solving. 

Example: The table gives the mean distance from the sun of the planets in 
our solar system, unity being the distance of the Earth 93 million miles. 
Thus the distance of Mars " 171.7 million miles. 



Mercury 


.3871 


Venus 


.7233 


Earth 


1.0000 


Mars 


I -5237 


Jupiter 


5.2028 


Saturn 


9.5388 


Uranus 


19.1910 


Neptune 


30.0707 


Pluto 39.5 





1 Have the children pose questions to be answered relative to these 
distances. 

2. Use calculators to find these answers. 
Decode muUl Plication and division 

Have students enter multidigit numerals and multiply successively using 
"10". To avoid always getting decimals, have students enter multidigit 
numerals followed by O's and divide by "10". 



Example: 



143.5 ESTIMATE 

281.6 CALCULATION 
90.7 ERROR 



515.8 
15.8 



500 
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Examples: 



KtV SEQUENCE: 
OlSPLRV: 



Enter Numeral 



10 



485 



4850 



48500 



KE¥ SEQUENCE: Enter Numeral 
DISPLflV: 



10 



30500 I 



3050 305 



Common HuUiPles: 

Use calculators to complete tables of multiples and circle common 
multiples. 



Example: 
Multiples of 2 
KEY SEQUENCE: 

□ 



0 



2 
4 

® 
8 

to 

14 
16 



iluUiples of 3 



0 




5 






s: 



3 

(D 

9 

15 



Discuss the results. 

Use copies of an advertisement from a shopper or newspaper and cost out 
different purchases. 
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Socks .99 Purchase 

Running shoes 23.95 3 socks + 1 pr running shoes 

Running shorts 1 1.49 
T-shirts 3.95 
Sweat bends 1.39 



Patterns: 

Heve students look for patterns in additions, *iut)tractions, multiplications, 
divisions. 



Exanriples; 



21 X 9 = 189 
21 x90= 1890 
21 X900=- 18900 
487^6 = 81.166666... 
487-^60 = 8.1166666 
487-600 = .8116666 



Activities like these arouse students' curiojsity about repeating digits in 
decimals, etc. 



Squares and Square Roots: 
KEV SEQUENCE: 





« 


5 














H 


12 


. 1 

i 



20 




20 


3? 



Look for patterns in the digits and the lest digits in particular. 



Example; 



5 X 5 = 25 
15 X 15 = 225 
25 X 25 = 625 
35x35= 1225 
45 X 45 = 2025 
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Resources: 



Some excellent resources ere available commercially with calculator 
activities. Some examples are: (not exhaustive) 

1. CsIca/siA Mwfenm^ifpetretims 

2. A'ei/stJvA'es (a 4 volume series) 

3. Cs/cuIetorAcimiwsfortfiBCiessrom ffoo/c / 
(these are available from Creative Publications) 

4. Texas Instruments has a set of Instructional Materials available for the 
TI-108 - a simple calculator suitable for this level of student. 




LEVEL FOUR 



USING L060 

Children using this progronn should have had considerable experience using 
the following LOGO ctmnnands: ST HI PU PD PE SETPC SETB6 
RT LT FD BK REPEAT and the use of TO to define procedures 
consisting of several connmands. 

At this level, they should review these and use the REPEAT command in 
procedures extensively. 

Some examples are: 

Making polygons of differing numbers of sides and sizes. 

"Make a triangle with side 50" 
REPEAT 3IFD SORT 120] 

"Make Q square with side 50" 
REPEAT 41FD 50 RT 90] 

(the number of times the command is repeated increases while the angle 
to be turned decreases) 

"Make a pentagon with side 50" 
REPEAT 51FD 50 RT 721 

After the children have made several of this through discovery, make a 
table: 

Times to REPEAT L Turned 



3 
4 
5 
6 



120 
90 
72 
60 



"What is the pattern in this table? 



iTimes to repeat x L turned = 360 de.^rbes 
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Children will notice that unless the side is shortened, the figures keep using 
up more of the screen! 



After they recognize the "total trip" theorem and the above idea, give them 
the following: 

"Make a circle" 

One way is: REPEAT 30|FD 1 RT 1] 

Have them experiment with making circles in different ways. 

As children experiment with the REPEAT command and later with 
recursions, they are likely to make errors that result in non-ending or too 
long loops. CIRL-G stops any procedure or command in its tracks. Show 
them how to use it. 

Another powerful tool is the nesting of REPEATS Have the children execute 
this command. 

REPEAT 31REPE AT 4FD 20 RT 90|RT 1 0] 

Discuss the result and walk command by command through the complex 
command. Emphasize: 

Commands are included in brackets to show what is being done In what 
order. The abov3 is telling the computer to: 

/"fD 20 RT 90"^\ 
FD 20 RT 90 1 
1 / FD 20 RT 90 W 
( FD 20 RT 90 J 
VRT 10 



r FD 20RT90 
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3. 




FD 20 RT 90 
FD 20 RT 90 
FD 20 RT 90 
FD 20 RT 90 
RT 10 



Have the children experiment with one repeat nested with another Then 
have them do: 

REPEAT 3iRepeat 4fRepeet 3fFD 60 RT 60JRT 10|FD 10] 



Have children add PU, PD and HT commands along with color setting 
commands to create designs. 

Have children give names to designs and create procedures to produce them. 
For example: 

TO STARBURST 

REPEAT 61REPEAT 4lFD 30 RT 90JRT 60] 
PU 

FD 50 RT 95 
PD 

REPEAT 36{FD 9 RT 10] 

RT85 

PU 

FD51 
PD 

REPEAT 361PU FD 60 PD FD 10 PU BK 20 RT 10] 

HT 

END 

Have children try to make designs that do this: 



After they work with Pattern Blocks, it is easier for them to duplicate 
Pattern Block kinds of designs using LOGO. When trying to decide how to 
turn RT or LT to a new position to start a design, have them use physical 
objects such as Pattern Blocks to do it first 




Alwaps remind children to observe the direction in which the turtle is 
poiiiied. is this the direction the next line nr^ust go in? 



Some suggested designs: 





The third powerful idea to introduce is that of nesting procedures, or using 
procedures within procedures. This is what makes LOGO a structured 
language. A host of small, simple procedures can be developed and put 
together in combinations to make new ones: 

























PI 




P2 




P3 




P4 

■ 




P5 
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An example is: 



sub procedure 



TO SIDE 
FD 50 RT 90 
END 



a second using this 



TO SQUARE 
REPEAT 4IS(DEJ 



note the procedure nanrje replaces a series of commends in the 
I ] 



a third using these two: 



TO DESIGN 

REPEAT 18IB0X FD 20 RT 201 



To do DESIGN, BOX must be already created and available. 

To do BOX in DESIGN, SIDE must be created and available. 

Have students use this process to make houses, faces, trucks, etc. Have 
them go back to designs made with nested REPEATS end do them again using 
nested procedures. 



Verbal Multiplication and 
Division Problems: 
Some Difficulties and 
Some Solutions 



By A. Dean Hendricfcson 



Verbal problems that involve multi- 
plication and division are difficult for 
children to solve. Many of these diffi- 
culties arise because of their limited 
Uftlerslanding of these arithmetic op- 
err^tions. Their experience with the 
different kinds of situations that call 
for these operations is also limited. At 
the same time, these problems cannot 
be categorized easily because the sit- 
uations that require these operations 
are varied. Nonetheless, multiplica- 
u?n is oftei. taught only as "repeated 
addition" and division only as "re- 
peated subtraction." Children must 
have specific instruction in alt the 
situations that require multiplication 
and division as arithmetic operations 
ifthey are to apply them successfully 
to veital problems. 

Change Problems 

Extensions of the "change problems " 
for addition ami subtraction can lead 
to multiplication and division. In this 
particular kind of problem we have an 
initial set, a change number, and a 
final set- Given an initial set of small 
size and a change number that de- 
scribes how many of this size set are 
joined, we find the size of the larger 
final set by multiplication. These 
problems are change I. or repeated 
addition, problems. Here is an exam- 
ple (fig. I): 



Dean Hendrickson « professor of educuHon at 
the Universiiy of Minnesata. Duimh. MN 
S58I2. He teaches conrsei tm the psychttiofiy of 
leurning und methods ofteavhinn maihemulits. 
pnschoot ihrwtgh secondary school. 



h'^^ J^^^^fHa^ ^ ® '^^'^^ ^ ^ "repeated addttton* probieni: John put 6 
h^«ftrfso? 3 tokens each »mo a bank. How many tokens did JoJm put in the 





Change NumiMr 
(6) 



John put 6 handfuls of 3 tokens each 
into a bank. How many tokens did 
John put in the bank? 

Change 2 problems result when a 
large initial set is given along with the 
size of a smaller final set, and a 
change number needs to be found that 
describes how many sets of that size 
can be made from the initial set. This 
problem represents the measuremem, 
or repeated-subtraction, interpreta- 
tion of division. Here is an example 
(fig. 2): 

Susie has 24 cookies. She gives 3 
cookies to each of the children on 
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the playground. How many chil- 
dren are on the playground? 

A child who can reverse the "put- 
ting together" transformation can re- 
late a measurement interpretation of 
the division of countable materials to 
the repeated-addition kind of multipli- 
cation. In some ways the division is 
easier, since the child must retain only 
the final set size and count the number 
of sets that can 1^ msuie. The count is 
constructed in the prcwess and the 
size of the initial set is not important, 
since the count stops whenever the 
process runs out of objects. In re- 
peated addition, both the count num- 
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ber and the size of the initial set must 
be retained mentally along with the 
result at the^ end of each successive 
joining- 

Change 3 problems involve a large 
initial set and a known change num* 
ber; the size of the final, equal sets 
that can be made from the initial set 
must be found. Hiis is the partition 
interpretation of division. An example 
follows (fig. 3): 

Susie has 24 cookies. She gives an 
equal number to each of her 4 
friends. How many cookies does 
each friend get? 

Change 2« or measurement division, 
is easier, since only the size of the set 
being formed repeatedly must be re- 
tained and a count of these sets kept 
as they are made. Change 3, or parti- 
tion division, requires a strategy to 
assure the equality of the sets being 
made and hence is more difficult. 

Comparison Problems 

Questions involving 'Mess than'* or 
*'more than'* lead to addition and sub* 
traction problems. These problems in- 
vdve a comfmrison set, a difference 
set, ami a referent set. When we com* 
pare two sets and the comparison in- 
volves questions of *'how many times 
as mmiy" or **what part of/' we use 
multiplication and division* Such 
prdblems involve a comparison set. a 
referent set, and a correspondence 
other than a one-to-one correspon- 
dence between these sets. In ngure 4, 
if the question is asked, ^'A has how 
many times i s many as Bl" then A is 
the comparison set, ^ Is the referent 
set, and the correspondence of A to B 
is sought. 

Compare / problems result when 
the referent set and a many-to-one 
correspondence are given and stu- 
dents are asked to find the comi^rison 
set. Tlie following is an example (fig. 
5): 

Iris has 3 times as many nickels as 
dimes. She has 4 dimes. How many 
nickels does she have? 

Multiplication is used to find the an- 
swer: 3 X 4 « 12 

Compare 2 problems occur when 
the comparison and a many-to-one 

April im 



Rg. 2 An exan^ of a chmgB 2 f»obtem, maastaBiri^nt or rey»ated- 
sutABCton s«9ffHBtaUon of divrsicm: has 24 cocdc^, S)^ ^ves 
3 cook^ to each of the diikJren on tha {Ha^ffoimd. How many diiWren 
aro on fi^ pteygrcHJnd? 



? 




RnaiSet 
(sized} 



Rg. 3 An mam^e of a chmge 3 frobtem, a partitkMi kiterpretertion of dhrisbn: 
Susie has 24 cookies. She gives tt^ in equal numt^srs to t^r four frfends. How 
many cookies does each friend get? 



Change Number 
(4) 

I 



JX)0 0 

oooo o 

OOpO 

ooo 

Mtol Set 
(24) 




7 

« 

FhuU Set(s) 
(Size?) 



Rg. 4 A con^jarison prs^em: Find th© «>rTesponctence of AtoB.A has how 
many titnes as many as £>? 



□ □ □ 

□ □ □ 

n □ □ 

□ □ □ 



{Con«sponcl0fK») 



A A 
A A 

A A 



{Compimson Set) 



B 

(Referent Set) 
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Rg. 5 A cxm^>&3 1 ptnc^^m: irte rms 3 &to» ^ many n^N» a$ fSmm. Sim 



3 to 1 m ro sp weterc e 





COfi^mrism Sat 
(lockets) 



^farmtSet 



Fig. 6 A omparB 2 pnc^Hem: iris » <^ IS nk^cete. SttQ has 3 tirros as many 
Nckato as (ftnas. How irany cfimes <toGS liis have? 



3 to 1 corre^KTndem^ 





Ckmpariscm Set 



Recent Set 



many teras a» many nidcets as cfimes? 




? to 1 ccmB^XMtdenca 




CompariSOT Set 
(nickets) 



BefatOTt Set 



F^ 8 A comparo 4 pnA^n: frh-^ 24 i^ids ar^ 8 din^. He <as what 
frfi^rtim as m^ dimt^ as n^^? 



1 to ? coriBS^xmienro 





Referent Set 
(n^els) 



Comp^lson Set 



coiTCS}x>ndence are given and the ref- 
erent must be found. Here i$ an 
example (fig* 6): 

Iris has !5 nickels. She has 3 times 
as many nickels as dimes. How 
many dimes, does Iris have? 

Division is used to find the answer: 
15 -5- 3 = 5. 

Compare 3 prc^iems result when 
the comparison set and referent set 
are known and a many-to-one corre- 
spondence must be found (fig* 7): 

Frank has 24 nickels and 8 dimes. 
He has how many limes as many 
nicKels as dimes? 

Division is used to find the answer: 
24 ^ 8 = 3. 

Compare 4 problems occur when a 
comparison set and % referent set are 
given and a ore-to-many correspon- 
dence is sought. In this case* the com- 
parison set is the smaller of the two. 
Here is &n example (fig. 8): 

Frank has 24 nickels and 8 dimes. 
He has what fraction as many dimes 
as mckels? (or, Frank's dimes are 
what fractional of his nickels?) 

The result is divi^on of a smaller by a 
laiger number or formation of a ratio- 
nal number, usually expressed as a 
fraction: 8 ^ 24 = 1/3. 

This kind of question puts a child's 
concept of fraaion being equal parts 

a whole into conflict with this ratio 
situaUon. What other language can be 
used to ask for this con^spondence? 
Beouise of the difficulty of finding 
suit^bte lan^iaget questions related to 
finding this correspondence are sel- 
dom found in textbooks* 

Compare 5 ^Dblems arise when the 
comparison set and the referent set 
are given and a many-to-many corre- 
spondence is iought (fig* 9): 

There are 12 giris and 16 boys in the 
room. How many tin^s as many 
boys are there as girls? 

One divides to find the answer (16 ^ 
12 = 4/3). Here again a fraction tells 
how many tin^s as much, although a 
ratio correspondence is made in the 
thinking. 

Compare 6 prd>lems occur when 
the comparison set is smaller than the 
referent set and the conresrH>ndence is 
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soii#ii (fig. !0): 

There arc 12 giris aiHl 16 boys in a 
room. The nitmt^r oi giris is what 
part of lh€ number ctf boys? 

The rouilt is fcmnd by (tivision again* 
12 ^ 16 3/4« and the same conflict 
between ratio and ftactk>n results. 

Compare 7 pixiblems result when 
tte larger comparison set and the 
ma0y-to-*many correspondence are 
given and the size of the smaller ref- 
erent set is sought 1 1): 

There are 16 boys in a class. There 
are 4/3 as many boys as girls. How 
many giris are there? 

The answer is found by dividing: 16 ^ 
4/3 « 12- 

Compare 8 problems arise when the 
smaller referent set is given along with 
a many-to-many correspondence. The 
size of the laiger comparison set is 
sou^t(fig. 12): 

There are 12 giris in the room. The 
ntmiber of boys is 4/3 the number of 
giris. How many boys are in the 
room? 

The answer is found by multiplying: 
4/3 X 12 « 16. 

The compare problems that involve 
many«to-many correspondences are 
diflteult, since they bring into conflict 
the chUd*s recognition of a fraction as 
comparing a given numt^r of equal 
parts to the whole and the idea of ratiu 
as a correspondence. The use of the 
same symbolism for toth fractions 
and rational numbers compounds this 
difficulty. 

Thinking in ratio? * equating ratios, 
9nd wppiyitig ratios to situations in- 
volve formal operational thought. 
Very few elementary children are ca- 
pable of this kind of reasoning, in 
facU few eighth and ninth graders can 
think through the Mr. Talk-Mr. Short 
problem: 

Mr. Mr. 
Tall Short 
Measured in 9 6 

match sticks 
Measured in 12 ? 

I^)er clips 



FHj. 9 A cofi^^ 5 fmjt^: ThsfB are 12 gi 
&nes as many boys are ^hme m ^ste7 


is aid 16bcr^inth9room. Horn 






/ *** / \ 

[ ■ T ■ y ? to ? ootTB^>Qn<tence\ I 1 1 B B | 




Jttti J 






(am 


Con^saf^on Set 
(boys) 



Fig. 10 A Gcmpare S protstom: Thero are 12 girls and 16 boys in a room. The 
giris are what part of the boys? 


/♦♦♦ 1 ( 




I ■ B 1 f ? to ? OOTiBspon^tence 


s ttttf\ 




/♦Itt J 






Ccmftarison Set 


Recent Set 
(boys) 



Ftg. 11 Acon'^Mtfie7|»i(*^m:T)^9aw iBboyshiaciass. Thereare4/3as 
many boys as gifts. How many girte are Biers? 




Raforant Set Con^iarison Set 

(girls) (U^) 
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12 A cor?^m« fl f«tol€mri: Thera are 12 
boys is 4/3 me mmtf>^ of gtrte. }tkm trmtf boys lu^e m ttm loom? 




4 fo 3 cmB^^OfHjer^ 




Referent Sot 



Cmiparaon Sat 
(boys) 



Rate Problems 

The kind of proix>rtionaI reasoning 
used in equating ratios is also in- 
volved in thinking abcHit rate prob* 
lems. These arc commonly found in 
intermediate textbooks. A rate prob- 
lem involves two variables — one inde- 
pendent and one dependent — and a 
rate of comparison between them. An 
example is distance (miles) rate 
(miles per hour) x time (hours). Here 
the number of hours is the indepen- 
dent variable, the distance in miles (a 
total) is the dependent variable, and 
the ratio of miles to hours is the rate. 

Some common rate examples are 
these: 



F^. 13 A rate 1 problem: FcBd pays $12.(» a square yard for outdoor carpetir^. How much will 16 square yards cost? 



S12 


$12 


$12 


$12 


$12 


$12 


$12 


$12 


$12 


$12 


$12 


$12 


S12 


$12 


S12 


$12 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 



$? 



Rg. 14 A rate 2 (xoblom: Jane pays $162 for carpeting at S9 a square yard. How many ^uaiB yards did she get? 



$162 



I \ 


$9 


$9 


$9 


$9 


' ' 1 i 
1 ' ^ 1 1 ^ I 

— 1 — — 1 — — j — ^ — — J — j — * — 1 — —I — 


1 


sq. yd. 

2 


sq. yd. 
3 


sq. yd. 
4 


! 1 ! > ! ! 1 ' 

I 1 ' ? square yards i i ' I 
1 , 1 ; 1 1 1 j 1 
i 1 i i 1 t 1 ! 1 1 
< . 1 1 i i 1 i i ! i 
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• feet per second 

• dotiars per pound 

• pounds per cubtc foot 

• gallons per minute 

• cents i^r kilowatt hour 

• parts per hundred 

Children who are unable to think 
about rates and ratios will have diffi- 
culty doing these problems in any way 
other than substituting numbers into 
memorized formulas, {^{ems deal* 
ing with percentages are probably the 
best example of this difficulty. 

Rate I problems result when the 
rate and the value of inde{^ndent 
variable quantity are given (usually in 
imits of measurement) and the value 
of the dependent variable, usually a 
iOtai« must be found (fig. 13): 

Fred pays $12 a square yard for 
outdoor carpeting. How much will 
16 square yards cost him? 

The resulting application* 

total cost 
- cost/sq. yd. X number of sq. yd. 
= $12/sq. yd. x I6 sq. yd. ^ $192. 

is the easiest of the rate situations to 
use. 

Rate 2 problems result when the 
rate and the value of the dependent 
variable are given and the value of the 
independent variable is sought (fig. 
14): 

Jane pays $162 for carpeting at $9 a 
square yard* How many square 
yards does she get? 

We have 

$162 = $9/sq, yd. x □ sq. yd. 



or 



sq. yd. 



$162 



$9/sq. yd. 



Rate 3 problems result when the 
values of the dependent and indepen- 
dent variables are given and the ratio 
or comparison rate is sought (fig, 15): 

Peter paid $342 for 200 eight-foot 
two-by-fours. What was the cost in 
dollars of each two-by-four? 

We have 

$342 = l^/board x 200 boards 



Fig. 15 A rm 3 problem: Petw paid $342 tor 200 eight -kx>t 2 x 4 s. What was 
tf^ cost in debars of ead) 2x4? 





200 ;»eras 
Cost» S342 
Cost 



# of (^0C0S 



or 



$ cost/board ~ 



$342 



200 boards 
^ $h71/board 

Selection Problems 

Among the most difiicult problems are 
those that require multiplication. 
These belong to a more general group 
of selection problems. 

Selection I problems involve simple 
ordered pairs where the choice sets 
for each element of the ordered pair 
are given and the number of ordered 
pairs possible is sought. The pairs are 
ordered in the sense that one choice 
set is associated with one element and 
a second choice set with the other. No 
ordering occurs in the writing or se* 
lection. In the following example, 
(skirt, sweater) is not different from 
(sweater, skirt). See figure 16* 

Amy has 3 sweaters with differcnt 
patterns. She also has 5 different 
skins. How many outfits consisting 
of a sweater and a skirt are possi- 
ble? 

The pairs can be determined from a 
matrix (table I) or from a *Tactor 
tree.*' Either way, multiplication is 
used: 3 x 5 = 15 outfits. 

Selection 2 problems result when 
one choice set and the mmiber of pairs 
are given and the other choice set is 
sought. These problems are similar to 
selection 1 problems. 



Table 1 

A Matrix to Record the Pairs In Figure 
16 



Skins 



S%veaten I 



A A. I 
B B, t 
C C, I 



A, 2 A. 3 

B, 2 B.3 

C, 2 3 



A, 4 A. 5 

B, 4 B. 3 

C, 4 C- 5 



Selection 3 problems involve tri- 
pies, quadruples, or other extended 
rf-tupies in > 2) and the choice sets for 
each place in the n-tuple. 

Frank has 5 sport coats. 3 vests, 
and 5 pairs of trousers, alt of which 
are color compatible. How many 
different outfits consisting of a sport 
coat, vest, and pair of trousers are 
in his wardrobe? 

Here a 3-tuple must be formed 
(sport coat, vest, trousers) where or- 
dering is not important. Finding the 
total number of 3-tuples uses the mul- 
tiplication principle: 5 x 3 x 5 =^ 75. 

Selection 4 problems give the num- 
ber of n-tupies and the sizes of ail but 
one choice set» which is sought. An 
example follows: 

Frank can make 24 different outfits 
consisting of a siK>n coat, vest, and 
trousers. He hi^ 3 sport coats and 4 
pairs of trousers. How many vests 
does Frank have? 
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^•18 A se^BCttan I prot)^: 

P^^m. Site Also has 5 
tSflwort ocNors. Ho«f msiy outfits, 
cxm^^ng a swea^ ^ a ^rt. 






This is a two-step problem: first mul- 
tiply and then divide, or successively 
di^de. 

The selection group uf problems 
invtrives the multiplication principle 
or one aspect of what Pia^ calls 
combinatcMial reasonii^s — the ability 
to consider the efifect of several van- 
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SLI'I^ ?®! *^ ^ *° ^ '^P^ated-ffi^Wk^i falsa of 

catJontoarm:Make4romcf8t}teseach. HowmanytUesareused? 

. Columns, 
t t t t t ♦ 
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—Til 














es— 



















T^2 

Change Prabfmis 



ProMem titk 



(Change !) 
Repeated ^Wtkm 



(Chai^ 2) 

Rep^cd subtiBctkm (fitca- 
smtmcnt) 

(Change 3) 

Pmitkming into c^uai sets 



Fied has 3 boxes with 4 cars 
in each box. How many 
cars ciocs Rrwl have? 

Jean hml 12 cookies. She 

eve 3 cookiei to eadi ^ 
r friends. How many of 
her frte^ got cookm'j 

had 24 msrtries thai he 
^ve away to 4 friends. 
Ete± fnend received the 
same munb^ irf mart^. 
How many maiWes did 
each ftiend get? 



Initial (smalter) set sizes and 
change number known; 
tiueatkm about fins*! (iai«r) 

SCI. 

Imml (lai«er) set and final 
(smaUcrj set sim known: 
questkm about chai^ 
number. 

Init^ (taifer) set and change 
mmAen known: questton 
about ite size of final 
(smaUer) sets. 
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ables simultaneously. Selection 1 
problems can be thought of as cells in 
a matrix. The thinking needed to solve 
them is similar to that used to solve 
area problems, such as being given 
two dimensions and finding the area 
and being given the area and one 
dimension and finding the other di- 
mension. 

Overview 

If students are gcung to apply multipli- 
cation and division to everyday situa- 
tions, they must have experience with 
materials that represent ttesc dif- 
ferent situations. 

The chan^ situations that involve 
joining and scjwating can be intro- 
duced with materials that can be 
joined, separated, and arranged. 
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Unifix cubes can be used to illustrate 
repeated additions and repeated sub- 
tractions as well as measurements. 
Ceramic tiles can also be used to link 
the idea of repeated addition to area 
(fig. 17), measuren^nt concept of 
division can also be introduced with 
tiles. The following kinds of questions 
can be asked: 

• Given 24 tiles, how many rows can 
be made with 4 tiles in each row? 

• Make 4 rows of 6 tiles each. How 
many tiles arc used? 

Beans and paper cups can be used to 
give experience with the partition in- 
terpretation of division as well as to 
the repeated-addition and repeated- 
subtraction interpretations of multipli- 
cation and division. Some examples 

Arithmetic Teacher 



arc the following: 



mlc Samfrfe pn^m Charactehstks 



CoD^»re 1 loettoi im 3 imirs (rf* sandids. Stu: h&s 4 
Umtis as tmny tmn of shoes. How 
maiiy fiairs ^mrs 4Qei the have? 

Co^^ie Z Irene has 30 pennies^ She has 5 times as 
iaan)f penmes as Pat has. How many 
pennies does Pbi have? 

Coa^i^jre 3 Domakl has 3 marWes. Feter has IS mar- 
btes. Pet^ has Nny many times as 
many martiles as DomM? 

Omipaie 4 Bonnie has 16 white Mouses and 4 col- 
G«d biottses. Her coto«d bkmses are 
what (fr^tional) pan of her wtrite 
btouses? 

Ccffltfmre 5 Our class has 16 hoys ami 12 giris. There 
are how n^y limes as many hoys as 
girts? 

Compai^ 6 (Xir dass has 16 boys and 12 i^rls. The 
girts are what (fr^ticmal) part of the 
Soys? 

Ccmi|3m 7 Fred has 25 baseball cards. He has S/4 as 
many c»rds as Jim has. How many 
bas^»all cards dees Jim have? 

Compare 8 Erica has 25 stickers. Peggy has 4/5 as 
many stickers as Erica. How many 
stickers does Peggy have? 



Referent set mony-lo-me cormpon- 
deim luKiwn; qoestkm abwit Ihe com- 
parison ses. 

Comparison set and many-to-om: corre- 
spondence known; quKtstkm abwt the 
referent sei- 

Comforisofi set and referent set given; 
qoesiioiT vbom kifvd <^fniany-*io-onel 
correspowtence. 

Comparison set and referent set gsvtn; 
question about kind of (oroMo-many) 
cotrespoQ^nce . 

Comparison set and referent set given; 
question d»out tiMi imany**to-many^ 
ctmiespof^leoce. 

Cotnpariscm set and referent set given; 
question abot:: many-tiMmny conre- 
sp(m(tence. 

Ccmip^scm set and nrany-to-many cor- 
resfKHidence given; question about ref- 
erent set. 

Referent set and many-to-many corre- 
spcmdence given; question about com- 
parison set. 



Table 4 

Solsctiof) PitMitetiis 



ProMem title Sample |»robim Characteristics 



Selection I 



Selection 2 



Selection 3: 
extended n-iuple 



Selection 4: 
extemicd ^-tuple 



Pmtla has 3 ktmts of cheese and 2 
kinds of sausi^. How many dif- 
ferent cteese^and-sausage pizzas 
can she mate? 

Frank nmkes 18 dfflierent cheese-and- 
satisage mzzm. He has 6 kinds of 
ch^tse. How many kinds of sau- 
sage does be have? 

Dave has 3 differem*sizai sets of 
wheels, 4 kinds of bodies, and 3 
diffonent motms. How many differ- 
ent cars with wheels, a body, and 
a motcH- can be put u^ther? 

Dave has 3 diierent*si2«i sets of 
wheete and 4 kimis of bodi^; he 
can make 96 ^Sfferent cars with 
wheels, bodies, and motors. How 
many different kinds erf motcm 
docs he have? 



Ntmiber ^ven finom which to select 
for each |^ element; queMton 
abCHit nimiber of f^rs possiMe. 

Niunber m one chmce set and num* 
ber of f^irs given; question about 
number in other chcncc set. 

Number given from which to choose 
for est* poftiwi in n-tui^; ques- 
tion about liumber of n-iuples pos- 
sible. 

Number given from which to choose 
for all but one fK^itton in n-tui^ 
ami also oun^KT of n-tu^s; ques- 
tion about remaining position. 



Tables 



Problem 

tit^ Sampte problem Characteristics 



Rate 1 Lisa buys 18 cans of polish at S0.72 per 
can. what is the total cost? 

Rate 2 Peter l^iys a suit on sale. The price, after 

a 25% discount^ is S90. What was the 

migiiml price? 
Rale 3 Conine runs 200 meters in 72 secomis. 

What is her average speed in meters per 

second? 



Given the rate and the indepevdeni vari- 
able value; qtmtion is about the (tepen- 
dent variabk. 

Ci\^n the rate ami t}» <tepeiKknt variable 
valu«; qtmtkm is ^sb&nt the independent 
var^e. 

Given the values of the dependent and in* 
dependent varbbks; questims is abmit 
tte rate. 
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• Given 2t beans, put 3 beanb in cups 
until the beans are gone. How many 
cups did you use? 

• Given 35 beans, put an equal num 
ber of beans into each of 5 cups. 
How many beans are in each cup? 

« Given 4 cups, put 5 beans in each 
cup. How many beans were need- 
ed? 

The ratio comparison situations can 
be introduced with two different 
shaiK^s. two different colors of chips 
or cubes, or any other materials that 
can be put into sets and compared 
using the muUipiication- and division* 
related questions in the examples. 

The selection ideas can be intro- 
duced best with colored cubes or sev- 
eral geometric shapes in different col* 
ors, forming pairs and triples of these 
materials. Subsequently using situa* 
tions that involve items from the stu* 
dents' exi^rience, such as stickers, 
pizza toppings « clothing, and record 
labels^ can help children apply these 
b^ic ideas of multiplication to the 
real worid. 

Raie problems shoukl prc^bly be 
introduced after establishing the idea 
a constant rate of change in two 
related variables. This introduction 
must done slowly and carefully and 
timed to the sta^e of cognitive devel- 
ommnt of the students. The demands 
aie primarily on the proportional- 
reasoning capability of the students. 

Introducing problems involving 
such relationships as distance - 
time X rai^, cost = cos tf unit x units, 
and percentage = percent x base 
should be within the more general 
context of rate of change. Otherwise 
students may substitute values into 
formulas without understanding the 
processes involved. 

Bft^tto^raphy 

Barana*Umon, Mary. Mmhtmuuts • A Way of 

Thinking. Reading, Mass.: Addiswi- Wesley 

PitUishingCo.« I9T7. 
Shuard. Hilary, and E. Williams. Primary 

MttthfmQtks Tadcy, Longmans. 1970. 
Sken^, Richard. The Psychalouy of Leurnm« 

MQiktmatics, Baltimore: Penguin Books, 

Pelican BocAs. 1971. 
Wilscm. Jc^n W, Diagnosis and Tremmeni in 

Arithmtiic: Beliefs. Cuidinn Models, end 

Procedures, College Park. Md.: University of 

Maryland. 197^. m 
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HA ( Ml- MA 1 1 1: 1 AH: 

"I ustsd lh« addlUofi fact given to sublracl. 



"TJie«e are my naiiiber sentenees far the NUMBEfi OF THE DAY.' 
ilUHBER HUHBER 









= 


= 










= 




= 


= 


= 
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nathematiciaii: 

"S did these mylilpllcalton facts in minutes." 



X 








• 


1 




- 






4 














































- 


































































- 
































































































r 


f 


< 
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"I iiul tin X o» all numbers which are muiiiples of 

I put a circle around all numbers which are muUtptes 

of I drew a line through four circles or 

four X's that are in a row." 




MAi rtHlAi ii:iAN- 

*'i cumiiielefil the addition table in 



4- 










































- 




















































































































































































1 
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minutes. 



nATHFriAi li:iAN: 

"t wrote how manti were sllll in Ihe cup. 

















(3 



2i:2 



flATHEMATiniAN: 



l fiiiistied finding these snswers in 



fiiinutes. 



5 

0 



/ 



9 

- 0 



6 
- 1 



2 



1 

- 1 



2 3 9 

0 - 2 - 1 



6 7 

2 - C 



n 

■ c 



10 2 3 

•1 - 1 - 0 



8 

- 0 



1 



4 8 
2 - 1 



1 

- 0 



5 

- 2 



9 5 
-2 - 1 



0 

- 0 



10 
- t 



6 
0 



8 

7 



0 
Q 



n 

- 8 



5 

- 4 



7 

- 5 



6 

6 



9 

- 8 



7 

- 4 



8 
- 8 



10 
- 9 



5 



8 

- 6 



4 



6 

4 



3 

- 3 



12 

• 9 



4 

- 4 



6 

- 3 



e 



10 



2 7 11 7 10 8 

1 ^6 - 9 - 7 - 7 - 5 



- 3 



13 
- 6 



11 



- 5 - 3 



^7 12 10 14 9 16 11 

1-8 zA -5 -3 -8 -4 



18 
- o 



fO 12 15 13 12 

_3 - 5 - 9 - a 



9 14 13 11 
- 3 - 5 " 6 - 4 - 6 



12 8 16 13 12 15 1! 14 16 10 

^ I_i iJ. -4 - 7 - 5 -9-7-4 



? ^5 ^3 15 14 13 10 17 14 11 

iJ- 1-3. I_5 z_5 2-L zA z_i '9 -8 -7 
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flATHthAnCIAItL 



-1 finished flndifig thase answers in minutes/ 



7061922530 

U- ±3. tA tJ. lA ±3. +J. ±_3 ±B +2 



1 302845391 

i-i ±_I 13. t± LI tJL tA ±A tl +0 



4312845829 
±2 + 0 * ^ -^l 43 *\ 4 0 -¥7 +2 



113 12 8 10 13 

±A U. ±A 12 +_0 4-2 + 2 +3 +5 +4 



607601 0 2 0 9 

Q +JL U. U. *_9 +_8 -t-O 44 +7 +2 



4 32 330 365 7 

A ±A ±-J. ±JL jLl l_i ±^ 4 1 4 2 4 0 



7022688565 
3 4 4 ±_Z 4 9 4 7 4 4 4 9 4 7 44 49 



8496985646 
U. ±-I ±-i U. U. U. +J. 4_9 4 5 



74974759 7 4 

±-§. ±JL ±_I ±_i tA ±3. lA *A ±_i tA 



4856795987 
+ 5 +_7 4j^ 4_9 42^ 45 48 46 44 



o 
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« i*** nr.MMi M.I An: 



I added or subtracted to put the right number in the (^) 



2 + 3 « 




■o 



3 + 4 = 9-, 1 8 

^ +4 -3 



9-2 



o 



3 + 4 = 1 y 5 + 6=< -1 



= 3 + 5 3 + 2 = 



2 + 3 = +4 = 9 + 3 

7 + 2 = 5 + \^ 8 + 5 



8+1=3+ 7+2=4+ 



o 



7 =2 + 1 ( 3 - 7 + 9 



9-^ =3 + 2 ( )- 1=8 + 3 



o- 
o- 



»8-5 6 + 4 = 7 + 



c 



10 + 3 = 6 + ' 5-2 1 

r}+5 = 8 + 7 12-3 4(2)^4 
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2 7 

+3 +6 



3 8 

+5 +5 



7 9 



= 4 + 6 8-3 



9 8 

■3 +6 



8 7 

-2 +9 



5 + 5 8 + 2 2 98 

-2 +9 



HA I MF HA I I r. I AN 

'i usBd Ihif addiiion fact given to subtracl * 




Matticraatician:. 

Tbis is rag r^drd sf anBiters for "Gms Rale/* 



NoiBberji f ron 
tte class ( 1 1 > 


If enters bt| 

tte teweter ( ) 


Naaters from 
tteelass ( > 


NsBiters bg 

the tester ( } 


































































































Rale ^ B 


□ 


Rale ^ = 


□ 
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MatiieanitleiQB: 



"I remenitered to circle tbe answer In Ito 1111^1 sestei^e." 
PROBLEn A^WER N UHB£R SCNTEMCE 



238 
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Hsti^naticleR: 



'Qmr gredii measare^ ibm area of different »ftapes aalng eenti meter sqaares." 

gjj^pg ESTimiE MEASUREMENT 

of Area of Area 



o 

ERIC 
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fla t hemet I cl tm: 

"I found volumes for the blocks given." 



BLOCIC SIDES 
SIDE 1 SIDE 2 



SIDE 3 



VOLUriE OF THE BLOCIC IH CUBIC UNITS 



ERIC 



201 



ilatheniiiltclan! 

'Our group made nULTItl^K cubes blocks the same size as ttie 
blocics we were given to use.' 



LOCK SIDES MEASURED NUMBER OF VOLUME OF 

nXK MULTILINKS MULTiLiNKS TO MAKE THE BLOCK 

THIS BLOCK 



ide 1 


Site Z 


Side 3 






































































1 


1 
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HatberoatfciSB:. 



"I made 'toads' out of m the floors 

given and recorifed tov many cultes vere ir the l^iuse.' 
FUHIR SIZE X NUnBER OF STORIES ^ TOTAL ROOHS 



L. 




1 




2 




3 




4 




5 








1 




2 




3 




4 




5 








1 




2 




3 




4 




ITT 








1 




2 




3 




4 




5 
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THE ROD CODE 



Q WHITE = W 



RED = R 



GREEN = 6 



PURPLE = Y 



YELLOW = Y 



DARK 6REEN = D 



BLACK = K 



BROWN = 



BLUE = E 



ORANGE = 0 



0 



R 



ORANGE * anottier rod In a train = 0-^ 
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TEMPLATE FOR 1 /I 



2 C5 



TEMPLATE FOR 1/3 



TEMPLATE FOR 1 /A 



2C7 



TEMPLATE FOR 1/5 



2C8 



TEMPLATE FOR 1 /6 




TEMPLATE FOR 1/8 



1 
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TEMPLATE FOR 1/10 



Mot hemati clan: 



*l made rectangles to do these fraction multiplications. 
Fractions Rectangles Product 
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FRACTION BARS 
GREEN 




YELLOW 








98814.1 
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FRACTION BARS BLUE 

I ■ ' ' ' ■ ■ ■ 





RED 




98814 2 



FRACTI 



ON BARS 






FRACTION BARS 



ORANGE 




DECiriAL FRACTION BARS 




nattiematician 



"I use I I color fraction bars and COMPARED 

ALL pairs of shaded parts and JOINED together ALL pairs of shaded 
parts..' 

Number of shaded parts Differences between Sum of shaded parts 





shaded parts 





















































o 
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nattieinatlcian. 



'I use 



color fraction bars to see 



what fractions can be made from other fractions. 



Pairs of bars 



Larger-?-* smaller 



Smaller larger 



o 
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nattiematlclani 



'I used base ten blocks with the long as QH£ and the 
units as TENTHS to work tliess.* 

> M I { i M M3 = ONE 

□ = TENTH 

ONES . TENTHS ONES jTENTHS 




rtatSssmiitlcliiir: — 

*l ysed base ie» blocks to complete this ctsart/ 



—WORDS 


NUMERALS 


TENTHS 

HUNDREDTHS 


• 


TENTHS 

HUNDREDTHS 




TENTHS 
HUNDREDTHS 




TENTHS 
HUNDREDTHS 




TENTHS 
HUNDREDTHS 




TENTHS 
HUNDREDTHS 




TENTHS 
HUNDREDTHS 
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flathemat.ician: 



*i used base tm pieces to camplete this decimal chart." 
BASE TEW BLOCKS DECIMAL NAME NUMERAL 





ONES AND HUNDREDTHS 






ONES AND HUNDREDTHS 






ONES AND HUNDREDTHS 






— — ONES AND -HUNDREDTHS 






^ — = ^ ^„_. 

ONES AND HUNDREDTHS 

233 
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TEMPLATE FOR OVERHEAD AND/QR CARDBOARD 
BASE TEN BtOCKS 



Use a paper cutter to get ONES eat of TENS and TENS out of 
HUNDREDS. 
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nothematlctaf 



'I build numbers in 3 different ways from base ten thousands^ 
hundreds, tens and ones.' 



Number Thousands 



Hundreds 



Tens Qnes 
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nathemalfcl an: 

"I wrote ttie numtiers represented by tlie base ten blocks 
as they appeared." 



1 lilies me LrOver 
was Moved 


Words 


Numeral 


t 






2 






3 







4 



5 

6 



7 



8 



9 



10 

o 
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Matliematicisa: 



'I did ttose sabt nations and ctieck^ 69 adding. 



SUBTRACTION 



CHECICS 



□ 









D 


□ 















□ 















□ 





















D 


□ 





















1 1 


□ 
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ADDITION CHECKS 



□ 


D 


□ 
























□ 
























□ 



























□ 



























□ 















□ 
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ntta«ffi8tiei«B' 



■| malt! piled the aniiiter given each namter devn the 
by arrsB^ment tese tea blmks eo tto workraat." 



X 


1 




7 






0 






r 


1 

0} j 
1 

* 


/ 


1 

SI 

1 


7 


SI 


P 


SI 

t 

» 

1 


? 


t 

1 

♦ 

SI 



*l MIX reetaagles frnm base tea Mwfcs as tite varkimt to do tbe^ sun! tlplieatiom.' 



PROBLEM 


RE 
H 


COR 
T 


D 
0 


PROBLEM 


REI 
H 


COR 
T 


D ' 
C 


- 
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natlieiiiatician: 



"I dIvIM a rectangle t« a6av the partial pradacts^ wrete all af the partial 
products for the malti plications and added them to get the total product." 



MULTIPLICATION 



RECTANGLE 



TlM»osaMi& HoRdr^ Tens Ones 



1. 
2. 

3. 
4. 
5. 

Total 



1. 
2. 
3. 
4. 
5. 

"b: — 

Total 
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nattematieifta: . — 

'I fflade reete^les ess t!» grapii p^f^ir te tte EBQitiplleatieBS. i 
r^orM all partial pradeets astf ttem ta Had tlie pradKt.' 



A « 
B « 
C « 
D = 



A « 
6 » 
C « 
0 » 



A » 
B « 
C « 



HUNDREDS 



TENS 



ONES 



A 
B 
C 
D 



A = 
B = 
C « 
D = 



A = 

B = 

C =- 

D « 



HUNDREDS 



TENS 



ONES 
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-I built reetasflcs froa base tea blocks ob tte verkiast to ilo these maltlplicatlonsL* 
Problem Picture of Rectangle siade 



Cc^qtutatloo 



ERIC 



H 
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HAttomaticlsn:^ — — • 

-| me^s rectenfles on tte grspfe paper te do the mulViplicetioas. I 
recoriieii all partial pr^acta a^ a^d then to fis4 tftc pradatt. 





HUNDREDS 


TENS 


ONES 


HUNDREDS 


TENS 


ONES 


A = 
B « 
C = 
D = 














+ 




A - 
B « 
C * 
D = 


+ 
































A 

B = 
C = 
D = 


+ 






■f 








A = 
B = 
C ^ 
D = 
































A = 
B = 
C = 
D = 








4- 








A = 
B = 
C = 
D 
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1 Bsed iiase ten blmts oa 9rQpb f%^r to t&m ssltiplicatloiis. 

I mate a pictare of tte raeta^l® mte stovi^ partial presets. I caiapleted 

tl» coBpotatioa foria ai^ vrate tke aaltipllcatiaa ia expaaM foria.' 



Problem Partial Pro ducts Expanded Forms 



ERIC 
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hothematirien: 

*i used base ten blocks or qrnpti paper to maice rectangles. 

I recordec ALL FOUR partial products and found the total product. 

THOUSANDS HUNDREDS TENS ONES THOUSAMDS HUNDREDS TENS ONES 





r " - " ' ' 














'— ■ ' 


1. 
2. 
3. 

■f- 










• 

1 . 

2. 
3. 

♦ 








TOTAL 










TOTAL 








THOUSANDS 


HUNDREDS 


TENS 


ONES 




THOUSANDS 


HUNDREDS 


TENS 


ONES 


1. 

3. 
4. 

♦ 

TOTAL 










!. 
2. 
3. 
4 

*- 

TOTAL 
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*l divided 8 r«ctaii9le te ^rti«l prod^ts, vrste all sf the psrtia 

prod sets for tbe aaltipllcatleiis and sdded t^is Is fet tbe tetsl pred^t." 



MULTi PLICATION 



TtonsaBds Hssdreds Tens Ones 



TatsI 



1. 
2. 
3. 
4. 
5. 

IT. — 
Tatal 



BOO 



ftetteBiatleiiie: 

*i osed tte 9iv8B aaai^r ef til«s to nake rewd of fi¥e different leiiftte. 
I wrote tte corapototioii Urm M tlie aaraber sootems for tbese." 



TILES 



ROW LEI^TifS 



DIVISION FORM 



NUMBER SEN* £liCE 
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"I Bsed file frapb ^mo^r to fi^ the QIWTtENT (ralssf Bf si^> for tfcese 
di¥i9ioBs.~ 



DlVISiOli COnPUTATION NUMBER SENTENCE 





f>i¥is®r HUNOREI^S 

1 


TEN^i 


ONES 
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~i 'S(9e4 iht 9. v^ RuiBter sf tiles to ntake revs of five differeat leagtlis. 
I vrote tbe fmra^atatioB form ami tbe asM^r seateaces far ttese." 



TILESi ROW LEI^THS 



DIVISIOIf FORM 



9IUMBER SENTENCE 



ftetteB»tlc1aR: 



~l r^tai^les to tte divlsieRs, drev tlie» and labelled the siitea. 
I also casipleted tbe eanpstatiea farm." 
Divisios Rectaagle Cenpa'AatloB Form 



Haadreds 



T 



Teas 



ia^ireds 



Teas Qms 



T 



Hsadreils 



Teas Ob es 



T 
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rtattoantldaa: . 

"i ased tte grapli ^per te fi^ tlie QIMIT3EliT (misslBQ side) for these divisioiis.' 



OI¥ISIOII COnPUTATIOH NUHBER SENTEIOrE 





Divisor 




Teas 
















































5 





•! made tte largest rfictsagles I mM oa tte QrapM paper ttslaf the sqosre 
BBlts fivao^tte si^ fivea, aad caoipieted ttie carapatatlon farra.' 



Squares 
given 


Side 
given 


Side 
found 


Coiiputatlon form 






• 


TENS 


ONES 


) 






■ ' 




3 


. — 








) 










) 
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"I drav a line e-T tto frapb paper to i^ke tte Tar^t reetei^le. I 

circled Ihm resMia^r. I vrote tte raisaisf side aa tin paper after I faasd it.' 



-I 


r- 




-\ 




































t 
































































































•+ 


SI 


























1 J 




r- 












































































































































































































































































































































































































































































































































































1 


1 






























































H 


1 — 
























































































































































































































































































II 




























































































































































































/ 
































































t 




































































































































































































































































































































































































































































































































































































































1. 










1 
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HattesMticlam 



*l BSC tose tea l>lc»ks ts flitd tke raisslBQ sides 9t ht 1tr§«9t rectonfle 
i coald OMke from a fives Bemter of tose ten pieces." 



BASE TEN BLOCKS 



SIDE GIVEN 



SECOND SIDE OF 
URGEST RECTANGLE 



COMPUTATION 
FORM 



TENS 



ONES 



TENS 



ONES 
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^tfittiMtleiaB: . . 

~l rectamiles to ^ tfee ^vfsieiis, ilrev tl^se asui labelled tiie sides. 
I alM completed tke ampstatisB forra." 
DtvlsloB Reetai^le Cempstetian Form 



Haodreds 



Teas Oiies 



T 



Huadreds 



Tess Odes 



T 



H^Bdreds 



Teas Oies 



I 
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'I M tiwse tfjyisloRs h^ snkiiii rccta^les m tbm veriest. I sliewed tke 
resalts by ce»pletf B9 tte cempatatiM for®.' 

PICTURE OF WORKmr COnPUTATIOII FORM 





HUNDREDS 


TENS 


ONES 














HUNDREDS 


TENS 


ONES 














HUNDREDS 


TENS 


ONES 














HUNDREDS 


TENS 


ONES 













c 
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HatlmmticitBi 



"I me teM ten pieces ts bmI» r^te^les en tbe Mvisloa laat. I cosplated 



31^ Given 



Side FeiiBd 



CoapetetloR Ferra 



Tens 
Ones 



Htfndreds 
Tefi3 

0^3 



HUNOREDS ( TENS 



ONES 



Tens 

0^9 



Heodlr^ds 
Teas 
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*i umOB recta^les to §8 tte ftivisfei»^ drev tttese sad labell^ the 
I also csrapleted Ite coapatatloB form." 
DivtsioB Reetemjle 



i:orap8t8tf«iB Fori 



Tens Oi 



T 



Haadreds 



Tens Ones 



T 



Handre^ 



Teas Oi 



T 
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*l bmt tea bleclcs to tHe^. I ilviM tte Isr^t places first, 
i a>^ra^d tte base toa tl^kn aektraetti f ato a raeto^le." 



DIVISION BASt TEN BLICIC PiCTUBES COtlPUTATIOM FORM 





• 
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'I S9ed &«sfi tea M^fcs to do ikes^ aiiiltlplieatloDs. i fnood tte p«rtla8 
prfMiiet9 ORe at a tima.' 



nULTiPLICATION 



PARTIAL pmiDtnrT sun 



PSO&ICT 

















































98811 
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'i Med a ^tard vith 



to make mirror l^^es sf stapes. 



W , imk toraa iMfcisg Xtm first sfiape. Here are ear 
I ma4t tte first sto^ snde tli@ first sliape 
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i « 


1 i 












1 < 


r 
1 

1 , A 


ft — 




i i 


i 1 


1 
1 


ft — 
















r r r 




» ^ 


1 


» 


1 






> < 




1 


E» — 








K 


i 


ft — 




m 1 


>^ ■■■■ 


» 












i \ 


p — 


1 


1 




i 










1 

1— ■■■■ 


1— H 


ft— 








1 — 


ft— 










ft— 


r r 

1 f 

1 

1 






ft— 


* 


1 


1 




s i 




ft — 


I 

j 


* 1 


1 1 


ft — 






1 






» 




1 ! 


1 


•— 






i 








1 ' 1 
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— i 
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MatteiMtlciaQ: 



■| Eitsffe mirror imsfes of tte pfittera Mecfe pattern fiven. 



MIRROR IMAGE 
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t-tetteiMtieiasi:^ — - 

~l fee^ ttie perinseter af eocb siiftpe mi vrste it belev t\e shape for ^^rfi. 




na ttiemat i c! an: 

*I covered escti of ttse larger siiapes wUli several of tiie smaller 
shapes. I wrote on each larger shape the number used to 
cover it." 




LABEL CARDS 



RED 


CIRCLE 


BLUE 


whXJk^ 1 AlliJi.C 


GREEIi 


1. AROE 


TRSAW 

A 


3LE 


QMAa 8 


SQUA 
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"HOT'" LABEL CAR&S 



NOT BLUE 



HOT GREEH 



NOT CiRCLE 



NOT RED 



HOT LARGE 



NOT TRIANGLE 



NOT SMALL 



HOT SQUARE 
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Hatbeiaaticiso- 



*For tbe TRUE stateraent fivea for tte eelleetlen, I found a piece that vould 
mice tlte dtateoMat false. 2 drew tbat piece a^ calored It." 



PIECES miD 



GIYEII TRUE STATEMEMT PIECE TO MAICE IT FALSE 
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rtetteiMtlcUii: — 

*l fosBd total Cd9t9 and ekange for ti» follovl^. I vrete $ to stav 
ffiOMf for all araoants." 
MILLARS CENTS DOLLARS CENTS DOLLARS 



CENTS 
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nattofaatician: 



'I siaite Mnkn nf 2 differeat colsrs of anlfx enhes in the 
RATIO qma to cofaplete this forra." 



Naffiber of 
fiiiffix links 



A 

Ceiar 



B 

Color 



B 



2 



3 



4 



5 



6 

7 

¥ 
9 



10 
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Nettie ifMitlcfan: 



'I Bscd eaisenaire rods to coiapiete the fellevl 119 chart." 



RODS COHPARED 



WHITES COMPARED 



FAMILY 
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*l Qsed cslsenaire ro49 to flf^ tt» ri^M aaater te imt In tke box in tfie 
RATIO SENTEMrE FAMILY 
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'I Bsed coiseimire rscs to fii^ tlw rif M BSiater ta pat in tlie tex In tte 
ratio ^ateaee." 

MTIO SCIITei«:£ RATSO FAill LY 
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~l wrote tto RQiBber sfe^vn each split b®art." 
NUHBER SmiWl.'i SYMBOL NUMBER SWIWN SYMBOL 
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negative 






Positive 


ito«|a^tive 




































Positive 


Iterative 
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Nefative 
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Itogative 
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Refative 




































Positive 


Relative 
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l^ative 
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nfithematlcfan: „ 

*For ettch spilt board, I ctianged the number given to the 
new number askeif for by adding or subtracting chips, 
i did this In TWO different ways." 
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Matbematiciaa:. 



*For each split baanl, I chaageil t6e nem&er §ii9en to tlie 
mew aamber asked far bg adding ar sobtrecting chips. 
1 did this ia T»g different loags." 

IhiMbef feabtffwctedl New na^Aer |1 1 
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Verbal Addition amS 
Subtraction Problems: 
Some Difficulties and 
Some Solutions 

By Charles a Tlumiiison mdfL Dean Hmidrickson 



ChaETsoenstics 



^ has two peQ^. Jean gives bim three 
vcoals. Ham maay pcml% does Bill 
tave tbca? 

Change 2 BB ).as five pencfls. He gives three to 
J^. How many pencils does he have 
fell? 

Change 3 BiU has two p«dls. lean gives him some 
mm. Now he has five. How ummy did 
Jem give Nm? 

ChaagB 4 tms §ve pradb. He gives some to 

lean. Now be has two. tfow many 
pveio^? 

Change 5 BiB has srae Jean gave him two 

amt. Now be has ftve. How many dhl 
hebc^K^? 

Clange 6 BS has »me peodls. He gave three to 
lem. Now 1» has two. How s«ny dkl he 
begm wkh? 



Increase, imiial set and chafl^ set 
known, question about fiimi set 

Decrease, initial set ami change 
set known, question about final 
set 

Increase, h^ml set and fisial set 
knwn, quesikm dxnit change set 

O^rease, mitmi set and &ml set 
known, <pie»km about cha^ set 

Incre^e, ctei^ at and fteai set 
kMwn. questim abmit initial set 

pecrase, c^ge set and final set 
known, qtte^ifm about initial set 



Many of the diffictilties that chil- 
dren have iti solving verbal (story) 
pnobtems involving addition and sub- 
traction arise because of tteir limited 
lUMterstanding of the arithmetic oper<- 
atitms that are invdved. They don*t 
know when to use addition or subtrac* 
tkm because they lack specific knowl- 
edge refunding tte various shuations 
that give rise to these operations. Of- 
ten, children are taught addition only 
as •*iwtting together" and subtraction 
only as **iaking away/' but maay 
other settings involve addition and 
subtraction (^rations. Children need 
to receive specific instruction in dif- 
ferent contexts if they are to become 
good solvers of verbal addition and 
sutoaction proMems. This article de- 
scribes the contexts and then explains 
a successful ^uence of activities 
that teach verbal problems. 

Categories of Verbal 
Problems 

In elementary school mathematics, 
three categories of verbal problems 
suggest addition and subtraction oper- 
ations. These categories— Change, 
Combine^ and Compare — are de- 
scribed by Neshcr (1981). Various 
types of problem situations exist 



Cherias Thompson f^hes umters^adum^ and 
ifttdmte cmmes ihat focus on teaching chii- 
dftn to uiukrsicnd nmth^imiics m fh^ {/niv^r- 
s&y ef LmHsvitte, Lt^svm, KT ^092. A. 
Deam HenAicisMm teoches dassts in mathe-^ 
maiks and methods to tmiergraduate ond in- 
Sisrvke teachers, prescfm^l2, and does re- 
search and deveioptnent in mathematicai 
reasoning and the oogn/wi^ {^mathematical 
bmidedge in grades at the University of 
MinnesiHa. Chsiuth, MN 33812. 
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within each category. 

Lct^s look first at the Change cate- 
gory. Change jroblrais invdve in- 
creasing or decrrasing an initial set to 
create a final set. One samf:^ Change 
prc^lem is a fomiliar ^'putting to- 
gether" situation (fig. 1), 

Bert has twc* b<K»ks. On his birthday 
he gets thiee new books. How 
many fcwks docs Bert have then? 

All Change problems have three quan- 
aties: an initial Mt» a ch^e set. and 
a final set. In the problem given, the 
mi/ia/ s€i is two books, the change sei 
is three books, and the finai set is 
unknown. The unknown quantity in 
Chani^ problems can be any arm of 
the three sets, yielding three kinds of 
problems. Furttermore, the change 
can ' either an increase or a de- 
crease, thus yielding two problems for 
each of the three kinds, for a total of 



six types of Change problems. These 
{Hoblems arc described and character- 
ized in table I. 

The seamd cate^)ry of problems is 
called Combine, or part-pari-whole. 
Com^e problems describe an exist- 
ing, static condition invcdving a set 
and its several component subsets. A 
m^ior difference between Change and 
Combine problems is that no action is 
involved in Combine problems. A 
sample problem is as follows: 

Consuelo has five buttons. Three 
are round and the rest are square. 
How many are square? 

Sec HjEure 2. 

^\ typical Combine problem has 
chree related quantilies--one subset, 
the other subset, and the whole set. 
These yield only two types of prob- 
lems. In our example, the wlu>!e set 
and one subset are known. In the 
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Fig. 2 "Combine" problems describe an existing a)ndition invoMng a set and its several com^nent subsets. 




Cknisueio s buttcms 
(Whdeset) 



Rg. 3 C>>n^;>are probierns imrcK ^ a comparisc^i of tv«> existmg sets. 




Jean's pencils 
(Comp^^ set) 



mm than — 
(Diffdfence set) 



Bill's pefK^ls 
(Referent set) 
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other type of problem, both subsets 
are known and the whole set is un- 
known* Table 2 summarizes these 
Combine problems. 

Other Combine prcrfjicms involve 
more than two subsets and the whole 
set. Hiese problems typically involve 
a two-step process and are not dis- 
cussed here. 

The third category of problems is 
called Compare. Compare prc^ms, 
which involve a comparison erf iwo 
eMsting sets, are probably the most 
ignored type of problem in school 
curricula. Yet many children*s expe- 
riences involve comparisons. Here is 
a sample problem: 

Jean has five pencils. She has three 
more pencils than BilL How many 
pencils does Bill have? 

See figure 3. 

Each Compare problem has three 
expressed quantities — a referent ^t, a 
compared set^ and a difference set. 
The referent set is the set to which the 
comparative description refers. In tte 
sample problem, Bill*s pencils com- 
pose the referent set, since Jean *'has 
three more pencils than Bill"* The 
compared set is the set being com- 
pared to the referent set. In the sam- 
ple problem, Jean's set of five pencils 
(the comf^red set) is compared to 
Bill's set (the referent set). The differ- 
ence set is the difference between the 
referent set and the compared set. 

There are six types of Compare 
problems. The unknown quantity can 
be the referent set, the compared set. 
or the difference set- For each of these 
three possibilities, the comparison 
can be stated in two ways: (I) the 
(larger) compared set is more than the 
(smaller) referent set, or (2) the 
(smaller) compared set is kss than or 
fewer than the (larger) referent set, 
T^ie 3 summarizes and gives exam- 
ples of the six types of Compare prob- 
lems. 

Relative Difficuities of 
Verbal Problems 

Examination of the various types of 
pn^ems and observations of children 
solving these problems lead to the 
conclusion that some types of prob- 
lems are more difficult to solve than 
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PrcMem tiite 




Characteristks 


Comlrine I 
CombtiH: 2 


Bili has time red pct^ik and two smn 
pencils. How many perils does Bill 
nave all toi^her? 

BUI ha& five pei^s. Three are red and 
the rest ait green. How m^y air 
green? 


Two subsets are known, question 
about whcric set 

Whote set and one subset arc 
krown. question about other sub- 
set 



TaUo 3 
PnH^koi title 



Compare 1 BUI has two pemrtis. Jean has 

five. How irany nme does Jean 
have than BHI? 

Coniiwe 2 Bill has two penwus. Jean has 
five. How moky fewer pencils 
itoes BiU teve than Jean? 

Compare 3, Bill \m& tmo pencils. J^ has 

three nme ihaa BiU. How many 
pencils does Jean have? 

Comiwe 4 Jean has five pencils. Bill has 
three fewer pencils than J^n. 
How many pencils does Bill 
have? 

Ccmpaie 5 Jean has five poicth. She has 

three oimt p^tcOs than BiU. How 
many pendls <toes BiU have? 

Compare 6 Jean l»s two pencils. Ste has 
three fewer pei^s than BiU, 
How many pei^ ttoes BiU 
have? 



Characteristics 



Compariscm stated in terms rf * 'more/' 
referent set and compared set known, 
question about difference set 
CiMnparison stated in terms of kss 
ifewerh referent set and compared uet 
known, qiM^tm about dtffoenNre set 
Comparison stated in terms of more, 
referent set and difference set known, 
qttestion aoout comi^ared set 
Comparison stated in terms of less 
(fewtr), referent set and difference set 
known, question about compared set 

C«nparison stated in terms of more, 
ompared set and diffoence set known, 
question about referent set 
CcHi^mnson stated in terms of iess 
(fewtrh comparMt set and difference 
set tmowtit qoestkm about referent set 



Others. In geneial, it ^pears that the 
inherent structure of tlw problem is 
the crucial factor in determining its 
difficulty. For example. Combine*! 
problems are structurally straightfor* 
ward (table 2). 

Combine 1. Bil! has three re»l pencils 
and two gftcn pencils. 
How many pencils does 
Bill have all together? 

The two subsets are given. Children 
can count those subsets separately. 
Then, they must simply reccHint the 
entile collection of ob^ts to deter- 
mine the solution to the pn^iem. Or, 
depending on instruction they have 
received, they might use "all*' or '^all 
tf^ther"' to transform it to a Change 
problem, 

Combine-2 problems, by compari- 
son, are not straightforward. The sets 
to be considered are not separate from 
one another* 

Combine 2, Bill has five i^^ncils. 

Three are red and the 



rest are green. How 
many are green? 
The children must have a well- 
developed part-whole understanding. 
The whole set and one subset are 
given. To solve this kind of problem, 
children must know that ihe given 
subset is contained within the whcie 
set mentally or physically tc sepan^te 
that subset from the whole set and 
then count the other subset. This 
problem can be transformed correctly 
into a Chan^-2 problem by many 
children. Other children transform it 
incoiTCCtly into a comfmrison of the 
two subsets. 

Another ni^or factor affecting the 
difficulty of a problem is its semantics. 
How the relationships between the 
sets are expressed determines, to 
some extent, which cc^ittve struc- 
tures must be used by the child to 
solve the problem. For examfie, 
study the following Comfwe'4 and 
Compare-5 problems: 

Compare 4. Jean has five i^ncils. Bill 

23 



ERIC 



334 



I' 



F^. 4 The cWW nuist tmdofstaml mat the lapg€^ ^ is mree mom than fte ^nailer set ami the smaU^ set is ttiree (ess^ 




((ess than) 



has three pencils fewer 
than Jean. How many 
pc'^cils does Bill have? 

Compare 5. Jean has five pencils. She 
has three more pencils 
than Bill. How many 
pencils does Bill have? 

Sec figure 4. 

In each problem the larger set, of 
the two being compared, and the dif- 
ference set are pven. The child is to 
determine the smaller set. In the Com- 
pare«4 probieni the expression used to 
relaie the larger and smaller sets is 
"The smaller set is three pencils/^iv^r 
than the larger (known) set.*' To solve 
this problem, the child might simply 
create what is described* by removing 
three pencils from the larger set to 
create the smaller set of two objects. 
This behavior transforms the problem 
into a Change-2 problem- In the Com- 
pare-5 problem, hoi*cver, the state- 
ment used to relate the larger and 
smaller sets is, in c?iect, **The laiger 
set is three pencils more than the 
smaller (but unknown) set.*' In this 
problem the child must use a different 
cognitive structure to determine what 
to do. Three pencils cannot be added 
to the smaller set, since its quantity is 
not known. The child must under- 
stand that if the larger set is three 
mote than the smaller set, then the 
smaller set is three fewer than the 
larger. The child must have a well- 
develq|>ed cognitive stnicture called 
reversibility. The child must under- 
stand that the statement "\x is a more 
tiian ;y*' is equivalent to is a less 
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than jr/* Only then will the child know 
thai removmg objects from the Uuger 
set will create the **more than'' rela- 
tionship expressed in the verbal prob- 
lem. This same reversibility enables 
some children to transform Combine- 
2 problems into Change-i problems. 

Another factor aflecting the diffi- 
culty of Compare problems is that in 
Compare-3, 4, S, and 6 prqjblems, the 
difference set must be mentaUy con* 
structc^ by the chikl. It is not actually 
part of the compared set or the refer- 
ent set. Furthermore, after the differ- 
ence set is mentally constructed* the 
child must mentally add it to* or sub- 
tract it from, one given set to deter* 
mine the unknown set. 

AiK)ther difficulty is the varying use 
of the expressions more than, less 
than, and fewer than. The phrase 
fewer than is common in these four- 
teen types of problems, since dis- 
crete* countable sets are involved. 
Fewer than suggests counting strate- 
gies more readily than dcKrs less than. 
However, more than is used to ex- 
press relationships between either 
countable or noncountable quantities. 
Further, the word more is often used 
in Change problems in another way, 
as in ''John gave Frank four ipore." 

The relative difficulties of all four- 
teen types of verbal problems have 
not yet been fully determined. But 
informal observations of cUildren 
solving these problems* careful analy- 
sts oi the problems' structures and 
semantics (Nei^er et al. 1982), and 
an^ysis of research restilts (Canxin- 
ter and Moscr 1981: Nesher 1981; 
Riley 1981; Steffe I97I; Tamburino 
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1981) provide preliminary information 
about the difficulty of problems. Cur- 
rently available informition indicates 
four levels of difficulty: 

Easiest: I. Change 1 & 2, Combine 1 

2. Change 3 & 4, Compare I 
&2 

3. Combine 2, Change 5 & 
6, Compare 3 & 4 

Hardest: 4. Compare 5 & 6 

Instructional Procedures 

We have l^en working in a conceptu* 
ally oriented^ materials-based elemen- 
tary mathematics program. The chil* 
dren in first, second, and third grades 
have received instruction in solving 
vertel problems of the fourteen types 
that have been described. The follow- 
ii^ general instructional sequence has 
been follov^ed over a period of weeks: 

1 . Problem situations are presented 
orally to children. The children use 
countable materials that can be 
pouf^d, linked, and separated to aid 
them in solving problems. Their an- 
swers are expressed orally. 

2. Children use countable objects 
to explote combinations of numbers 
that make larger numbers. For exam- 
ple, they separate five counters into 
two subsets in different ways and de- 
scribe the results orally, such as 
**three and two'' or "one and four/* 

3. Children use prepared numeral 
rards (0-9), and cards with the 

and in coiyunction 
with activities similar to those previ- 
ously described in step 2, They con- 
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struct number ji^rases and sentences 
with the prepared sign cards to repre- 
sent the ofat^ects being used. This task 
helps them to connect the signs to the 
co&ce{tts involved. For example, if a 
child uses five cminters and covers 
two of them, then a partner can create 
the open ^ntence 3^0 = 5 then 
insert a ''2 card*' to complete the 
open sentence. 

4. The problem situations are pre- 
sented orally to children as in step 1. 
They use countable objects to solve 
the problems and now use the pre- 
pared cards to construct number sen- 
tences to represent the objects used 
and tte conditions of the problem, 
FcH* example, consider the following 
problem: 

Change 1 . Bill has two pencils, Jean 
gives him three pencils. 
How many pencils dc^s 
Bill have now? 

To solve this problem, children fre- 
quently make separate links of cubes 
to represent the two sets Join the two 
links, and arrange cards as shown: 

5. Children use countable materials 
to sokve orally presented problems 
and then write number sentences to 
indicate how they interpreted the 
pnMems. In particidar, children cir- 
cle their answers in the number sen- 
tences. In many problem situations 
several possible number sentences 
can be written. Consider this 
problem: 

Compare 1. Jean has five pencils. 

Bill has two pencils. 
How many more pencils 
does Jean have than 
BiB? 

Some children will interpret iius as an 
suidition problem and write 2 + (3) = 
5. Others will interpret it as subtrac- 
tion and write 5 - 2 « ®- Both 
interpretations are cmrect. 

6. Open sentences in written form 
are given to children, who us€ count- 
able materials to scrfve them. 

7. Materials are not used« aiui chil- 
dren solve written verbal problems 
mentally while writing the corre- 
$IK)tiding number sentences. 



8. Children solve oj^n sentences 
(nof directly tied to verbal problems) 
in written form without the use of 
countable materials. 

From a broad perspective, the se- 
quence has used the following steps: 

(1) develop concepts using materials, 

(2) connect sigas to the concepts, (3) 
construct symbolic forms (number 
sentences) using prepared symbols, 
(4) write symlMilic forms, and (5) in* 
terpret preimred symbolic forms. This 
sequence has resulted in students be- 
ing able to interpret these problems 
and translate them into number- 
sentence models. 

In conjunction with these activities, 
children participate in numerous 
counting exeicises. They learn to 
count on from any given number and 
to count back from any given number. 
Counting on is useful in many prob* 
lems, particularly in part-whole situa* 
Uons, in which one subset and the 
whole set are known, and in compare 
situations* where equalizing of the 
two sets is the strategy to be used. 
Counting back is also used frequently, 
especially in Change problems. For 
example, in Change-2 problems the 
children often count back from the 
larger (initial) set to create the smaller 
(final) set. 

Instructional Results 
So Far 

The instructional sequence described 
seems to be effective in enabling chil- 
dren in the primary grades to solve 
veii>al problems. Of crucial impor-* 
tance seem to be the use of countable 
matemis, the use of the preimred nu- 
meral and sign cards« and the practice 
of circling answers when writing num- 
ber sentences. 

Using the countable materials en- 
ables the children to create cm* model 
the conditions presented in the prob- 
lems. The children can then determine 
which sets to count, compare, sepa- 
rate* or join to solve the problems. 
The use of the pre{mred cards allows 
the children quickly to attach numer- 
als to the quantities represent^ and 
to construct the corresiK>nding num- 
ber sentences. We have found that 
children who have not used numera) 



cards experience greater difficulty in 
writing number sentences corrc- 
spomiing to a verbal problem. The 
practice of having children circle an- 
swers when writing number sentences 
helps teacher^ understand how the 
children are thinking about the veibal 
proUems. Indeed, for many of the 
types of problems, either an addition 
or a subtraction number sentence is 
appropriate. These {H^ctices also help 
teachers to recognize when children 
are successfully using the class- 
inclusion relation, reversibility of 
toth actions and relations, and equal- 
ization of two sets. 

In simimary, we have learned that 
children can become good solvers of 
verbal problems. What they need is an 
instm^tional program that proceeds 
from the concrete to the symbolic and 
the opportunity to encounter the var- 
ious problem situations that occur in 
real life. 



BIbitography 

Baraita-Lortoa. Mary. Mathematics Their 
Way. ResKUng, Mass.: Addison- Westey Pub- 
list^ Co,. 1976. 

Carpenter^ Thomas P„ and James M, Moser. 
''The I>evdo|mtenl of Addition and Subtrac- 
lioa Prol^nn S<Mvii^ Skills.*' In AMidon and 
Subtraction: A Oeveiopmeniol Perspective. 
edited by Thomas P. Carpenter. James M. 
Moser, and Thomas Rombeis. HiUsdak, 
N.J.: Lawrence Eribaum Assocmtes. 1991. 

Nesher, Perta. ''Levels ot Oeschptton in the 
Analysis of Addition and Subtraction Word 
PmMems,'* In Additim and Subtraction: A 
Developmental Perspective, edited by 
Thc»nas P. Carpenter, James M. Moscr. and 
Thonms RrnibOB, Hillsdale. N.J.: Lawrence 
Eribaum Associates. 

NestKn*, Perla. J. Greeno. and Mary S. 
Riky. ••Semantic Categories Reconsidered 
CDevelofmienta] Levels)/* Educational Stud- 
ies in Mathematics 13 (November t982): 
373-^. 

Riley, Mary S., J. C. Greeno. aruS J. I. Heller, 
••Development of Children's Problem- 
Sdving Ability in Arithmetic/' In The Devet^ 
aptn^ni of Matketnatical Thirtkinu, edited by 
Herbert Ginsburg. New York: Academic 
Press, 1983, 

Sicffe. L. P., and D. C, Jo^mscm. ••Probicm- 
sc^vii^^ Performance of First-Grade Chil- 
dren/' Journal far Resetm^h iti Muthetnatics 
Education 2 (January 197 0:50-64. 

Tambunno. J. L. "An Analysis of the Modeling 
Processes Used by Kindergarten Children in 
Sotving Simple Addition and Subtraction 
Siory ProWenis/' Master's thesis, Uiuversity 
of PH&sbitTBh, 1^. 

Wtts<Hi. John W. Diagnosis and Treattnent in 
Arithtnetiv: Beliefs. Gtiiding Mcnieh, and 
procedures. College Park, Md,: University of 
Marybnd. 1976. (Lithograph) 9 



March 1986 



25 



